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Abstract
This article presents the R package PFIM (Population Fisher Information Matrix) for evaluating and
optimizing population designs using the Fisher information matrix (FIM) in nonlinear mixed-effect
models (NLMEM), commonly applied in population pharmacokinetic/pharmacodynamic studies dur-
ing drug development. Using the FIM provides an efficient alternative to time-consuming clinical
trial simulations. PFIM offers tools to compute the FIM in NLMEM, apply evaluation criteria based
on its determinant, optimize study designs under specified constraints, and display results graphically.
The package is implemented in R with the S7 object-oriented system, supporting class and argument
definitions, inheritance, argument checking, instantiation, and implementation methods. Its struc-
ture and functionalities are described, and practical applications are illustrated through examples
of design evaluation and optimization. This work provides researchers and practitioners with a ro-
bust framework to efficiently assess and improve population study designs using formal FIM-based
approaches.
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1 Introduction
Nonlinear mixed-effect models (NLMEM) are frequently used to analyze longitudinal data, especially
in model-based drug development (Lalonde et al. 2007; Williams and Ette 2007; Ryeznik et al. 2021).
The use of NLMEM allows the estimation of mean parameters as well as inter-individual variability
and is ideal for exploiting the richness of longitudinal data. Indeed, NLMEM can compensate for
the lack of individual information by borrowing the strength from the data in the whole popula-
tion and therefore allow for precise parameter estimation even with sparse designs, i.e. when few
sampling times are collected from each subject compared to the number of estimated parameters.
Therefore, NLMEM has become the main statistical tool in pharmacometrics, the science of quanti-
tative pharmacology (Graaf 2012). Pharmacometrics includes pharmacokinetics (PK), the study of
drug concentration over time, and pharmacodynamics (PD), the study of drug effect as a function of
concentration. The link between those two is called pharmacokinetics-pharmacodynamics (PKPD),
the study of the effect (of a drug) over time. The use of NLMEM is now well established in biomed-
ical research and is, for instance, applied to viral loads and bacterial dynamics (Friberg and Guedj
2020) or oncology biomarkers (Kerioui et al. 2022). In the basic form of NLMEM, we estimate the
mean value of the parameters in the studied population, namely the fixed effects (i.e., the typical
parameter values), the variances of the random effects that quantify inter-individual variability, and
the parameters of the residual error model (i.e. the difference between the model predictions and the
observations). Additional sources of variability (e.g., occasion, study) can also be incorporated. To
estimate parameters in NLMEM, maximum likelihood estimation is commonly used, although the
likelihood of these models has no analytical solution.

Before the estimation step, the choice of the experimental design is crucial as it influences the precision
of parameter estimation of NLMEM. In the context of longitudinal studies analyzed by NLMEM, a
population design is composed of the number of individuals and their respective elementary design.
An elementary design includes the number and allocation of measurement times (and possibly the
drug administration scheme). At the estimation step, a poor design choice leads to high parameter
relative standard errors (RSE), thus to inconclusive studies. Design optimization can also help to
determine the number of subjects and/or sampling times needed for a study, thereby reducing its
cost (Food and Drug Administration 2022).

The Cramér-Rao inequality states that the inverse of the FIM is the lower bound for the variance-
covariance matrix of any unbiased maximum likelihood parameter estimators (Cramér 1946; Rao
1947). By finding the design which maximizes the FIM with respect to the design parameters,
the expected variance of the estimated parameters is minimized (D’Argenio 1981). The expected
standard errors of the model parameters can be calculated from the square roots of the diagonal
elements of the inverse of the FIM.

Nevertheless, because of the lack of an analytical form for the likelihood of NLMEM, the exact
analytical expression of the population FIM cannot be calculated. Among the different approaches
to approximate the FIM, the first-order (FO) method is commonly used and allows one to obtain the
FIM by linearizing the model around the expectation of random effects (Mentré, Mallet, and Baccar
1997). Also, the block-diagonal FIM obtained by FO, which comprises two blocks, one containing
information on fixed effects and the other on the variance of random effects and error parameters,
has been shown to be a better predictor than the full FIM expression (Nyberg et al. 2015).

PFIM was the first R code dedicated to design evaluation and optimization in the context of NLMEM
(Retout, Duffull, and Mentré 2001). It has been available since 2001 and has undergone continuous
development. Its extensions include, but are not limited to, design optimization, based on the widely
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used D-criterion calculated from the determinant of the FIM and algorithms such as Fedorov-Wynn
(Retout et al. 2007), multiple response models (Bazzoli, Retout, and Mentré 2010), the Bayesian
FIM notably used to predict the shrinkage of random effects (Combes et al. 2013), and a user-
friendly interface for PFIM version 4 (Dumont et al. 2018). PopED is another freely accessible tool
dedicated to FIM-based design evaluation and optimization (Nyberg et al. 2012). A study comparing
these different tools showed good and similar performances by PFIM and PopED (Nyberg et al. 2015).
Design tools are also included in the estimation software NONMEM version 7.5 (R. J. Bauer, Hooker,
and Mentre 2021). In this article, we present the R package PFIM 7.0, the new version of PFIM,
implemented using the formal object-oriented system S7 to provide powerful tools to perform design
evaluation and optimization under given design constraints in NLMEM. Additionally, the results of
an evaluation or design optimization are summed up into high-quality reports that can be easily
shared. The last version of this package is available from the Comprehensive R Archive Network at
https://CRAN.R-project.org/package=PFIM and additional information about the package can be
found at http://www.pfim.biostat.fr/.

The remainder of the article is structured as follows. Section 2 offers an overview of the underlying
statistical methodology and algorithms advocated for estimating and optimizing designs in PFIM. In
Section 3 we describe the structure of the package and its general workflow. In Section 4 we go
through a detailed example of design evaluation and optimization with the PFIM package. Finally, in
Section 5, we discuss the features in this version of the package and look ahead to future developments.
To enhance readability, symbols, indices, acronyms, and notations used throughout this article are
provided in the Glossary (see Supplementary Material S1).

2 Statistical methods in PFIM 7: design evaluation and optimiza-
tion

In this section, we detail the statistical methods for performing population design evaluation with
the package PFIM. We start in Section 2.1 with the definition of a population design and introduce
the notational matters needed to specify its components. Section 2.2 is dedicated to the definition
of nonlinear mixed-effect models while the estimation of the Fisher information matrix is described
in Section 2.3.

2.1 Population design
The population design Ξ is defined as a set composed of 𝑁 elementary designs 𝜉𝑖 of individuals with
𝑖 = 1, … , 𝑁 :

Ξ = {𝜉𝑖}𝑖=1,…,𝑁

In the case of a single response model, 𝜉𝑖 is defined by 𝑛𝑖 samples and their allocation in time
(𝑡𝑖1, … , 𝑡𝑖𝑛𝑖

). Elementary designs can also involve additional specifications in some pharmacometrics
studies such as the doses (𝐷𝑖1, … , 𝐷𝑖𝑑𝑖

), the administration times (𝑡𝐷𝑖1
, … , 𝑡𝐷𝑖𝑑𝑖

), the time duration
for infusion (Tinf𝑖1, … , Tinf𝑖𝑑𝑖

), and the interval between two consecutive doses (𝜏𝑖1, … , 𝜏𝑖𝑑𝑖−1),
where 𝑑𝑖 stands for the number of doses 𝐷𝑖.

Population designs are usually composed of 𝑄 arms, where each arm 𝑞 consists of 𝑛𝑞 individuals with
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an elementary design 𝜉𝑞, with 𝑞 = 1, … , 𝑄:

Ξ = {[𝜉𝑞, 𝑛𝑞]}
𝑞=1,…,𝑄

In the case of a model with 𝐾 responses the elementary design 𝜉𝑞 is composed of 𝐾 elementary
designs:

𝜉𝑞 = {𝜉𝑞𝑘}
𝑘=1,…,𝐾

where 𝜉𝑞 is defined by 𝑛𝑞𝑘 sampling times for the observations of the 𝑘th response and their allocation
in time (𝑡𝑞𝑘1, … , 𝑡𝑞𝑘𝑛𝑞𝑘

). The population design Ξ, as defined in Eq. eq-pop_design, can also be
expressed using the weights 𝑤𝑞 associated with the 𝑄 elementary designs 𝜉𝑞, each containing 𝑛𝑞
individuals. The population design becomes

Ξ𝑤 = {[𝜉𝑞, 𝑤𝑞]}
𝑞=1,…,𝑄

For an approximate design to be implemented in practice, the number of individuals within each
elementary design is rounded to the nearest integer, 𝑛𝑞 = ⌊𝑁𝑤𝑞⌋, such that ∑𝑄

𝑞=1⌊𝑁𝑤𝑞⌋ = 𝑁 .
Rounding procedures can be found in (Pukelsheim et al. 1991).

2.2 Nonlinear mixed-effect models
In a nonlinear mixed-effect model with multiple responses 𝐾, the vector of observations 𝑌𝑖 of the 𝑖th

individual is composed of 𝐾 vectors:

𝑌𝑖 = [𝑌 ⊤
𝑖𝑘]⊤

𝑘=1,…,𝐾 ∈ ℝ𝑛𝑖𝑘

where 𝑌𝑖𝑘 is the vector of the 𝑛𝑖𝑘 observations for the 𝑖th individual and the 𝑘th response modeled as:

𝑌𝑖𝑘 = 𝑓𝑘(𝜃𝑖, 𝜉𝑖𝑘) + 𝜀𝑖𝑘

where the function 𝑓𝑘 is the nonlinear structural model describing the evolution of the response 𝑘.
The responses can be grouped into a vector of a multiple response model 𝐹 , such as

𝐹(𝜃𝑖, 𝜉𝑖) = [𝑓𝑘(𝜃𝑖, 𝜉𝑖𝑘)⊤]⊤
𝑘=1,…,𝐾

In condensed form, the multiple nonlinear response mixed-effect model thus writes:

𝑌𝑖 = 𝐹(𝜃𝑖, 𝜉𝑖) + 𝜀𝑖

where 𝜀𝑖 = [𝜀⊤
𝑖1, 𝜀⊤

𝑖2, … , 𝜀⊤
𝑖𝐾]⊤ is a vector of size 𝑛𝑖 = ∑𝐾

𝑘=1 𝑛𝑖𝑘, with variance-covariance matrix

Σ𝑖 = ⎛⎜
⎝

Σ𝑖1 0 … 0
0 Σ𝑖2 … 0
0 0 … Σ𝑖𝐾

⎞⎟
⎠

It is assumed that the residual errors 𝜀𝑖𝑘 ∼ 𝒩(0, Σ𝑖𝑘), where Σ𝑖𝑘 is an 𝑛𝑖𝑘 × 𝑛𝑖𝑘 diagonal variance-
covariance matrix such that

Σ𝑖𝑘(𝜃𝑖, 𝜎inter𝑘, 𝜎slope𝑘, 𝜉𝑖𝑘) = diag(𝜎inter𝑘 + 𝜎slope𝑘 𝑓𝑘(𝜃𝑖, 𝜉𝑖𝑘))
2
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where 𝜎inter𝑘 and 𝜎slope𝑘 are respectively the parameters for the additive and proportional parts of
the residual error of the 𝑘th response. Of note 𝜎slope𝑘 = 0 for an additive (homoscedastic) error
model and 𝜎inter𝑘 = 0 for a proportional (heteroscedastic) error model. Only additive (homoscedas-
tic) and proportional (heteroscedastic) error models are currently available in PFIM. However, other
error structures, such as exponential models, are commonly used in pharmacometrics and are avail-
able in alternative tools like PopED. The modeling choice of using standard deviations rather than
variances was adopted to ensure continuity with earlier PFIM implementations and to preserve di-
rect comparability of results across versions. Moreover, presenting the combined error structure in
terms of standard deviations offers a more transparent specification of the observation model as in
eq-nonlinear_model, while remaining aligned with common practice in MONOLIX (LIXOFT 2021).

The 𝑝-vector 𝜃𝑖, where 𝑝 = dim(𝜃𝑖), is the vector of individual parameters for the 𝑖th individual,
depending on 𝜇 = [𝜇1, 𝜇2, … , 𝜇𝑝]⊤ and 𝑏𝑖 = [𝑏𝑖1, 𝑏𝑖2, … , 𝑏𝑖𝑝]⊤, respectively the 𝑝-vector of the fixed-
effect parameters and random effects for the 𝑖th individual, describing the individual deviations
from the fixed effects. It is assumed that 𝑏𝑖 ∼ 𝒩(0, Ω) with Ω = diag(𝜔2

1, 𝜔2
2, … , 𝜔2

𝑝) a 𝑝 × 𝑝
diagonal variance-covariance matrix, for which each diagonal element 𝜔2

𝑙=1,…,𝑝 represents the inter-
individual variability of the 𝑙th component of the vector 𝑏𝑖. Other software allows for more flexible
BSV structures, i.e., non-diagonal elements in Ω. In PFIM, the relation between 𝜃𝑖 and 𝜇 and 𝑏𝑖 can
be additive if 𝜃𝑖 follows a normal distribution:

𝜃𝑖 = 𝜇 + 𝑏𝑖

or exponential if 𝜃𝑖 follows a log-normal distribution:

𝜃𝑖 = 𝜇 exp(𝑏𝑖)

PFIM supports a mix of normal and log-normal distributions for individual parameters. Hence, the
individual parameters can be transformed to normally distributed random variables, 𝜙𝑖, such that:

𝜙𝑖 = ℎ(𝜃𝑖) = ℎ(𝜇) + 𝑏𝑖 ∼ 𝒩 (ℎ(𝜇), Ω)

where ℎ(𝜃𝑖) denotes the vector components (ℎ1(𝜃𝑖1), … , ℎ𝑝(𝜃𝑖𝑝)). In the case of additive individual
variability ℎ𝑝(𝜇𝑝) = 𝜇𝑝, and in the case of exponential individual variability ℎ𝑝(𝜇𝑝) = log 𝜇𝑝. Let Ψ
be the 𝑃 -vector of the population parameters to be estimated defined by:

Ψ⊤ = [𝜇⊤, 𝜆⊤]

where 𝜆 is the vector of variance terms:

𝜆 = [𝜔2
1, 𝜔2

2, … , 𝜔2
𝑝, 𝜎⊤

inter, 𝜎⊤
slope]

⊤

with

𝜎inter = [𝜎inter𝑘]⊤
𝑘=1,…,𝐾

𝜎slope = [𝜎slope𝑘]⊤
𝑘=1,…,𝐾
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2.3 Fisher information matrix
In the PFIM package, three types of Fisher information matrices are available to quantify the infor-
mativeness of a design, namely the population Fisher information matrix 𝑀PF, individual Fisher
information matrix 𝑀IF and Bayesian Fisher information matrix 𝑀BF, each type of FIM being calcu-
lated for a specific purpose. The population Fisher information matrix is used in population analysis
with mixed-effect models to assess the overall information content of a study design in the context
of population-level parameters. The individual Fisher information matrix is specifically employed
for individual regression analysis and measures the information available for estimating parameters
at the individual level. The Bayesian Fisher information matrix is used to get insights into the
design’s ability to provide information in the Bayesian framework for individual-specific parameter
estimation.

2.3.1 Population Fisher information matrix

For the population design Ξ with multiple response model eq-multi_response_model, the population
Fisher information matrix 𝑀PF(Ψ, Ξ) is the 𝑃 × 𝑃 matrix given by:

𝑀PF(Ψ, Ξ) = 𝔼𝑌 (𝜕 log ℒ(Ψ, 𝑌 )
𝜕Ψ

𝜕 log ℒ(Ψ, 𝑌 )⊤

𝜕Ψ )

where log ℒ(Ψ, 𝑌 ) is the log-likelihood of all the observations 𝑌 = [𝑌1, 𝑌2, … , 𝑌𝑁 ]⊤ given the vector
of population parameters Ψ. Provided that the log-likelihood is twice differentiable, this is equivalent
to:

𝑀PF(Ψ, Ξ) = −𝔼𝑌 (𝜕2 log ℒ(Ψ, 𝑌 )
𝜕Ψ𝜕Ψ⊤ )

Assuming independence across the 𝑁 individuals, the log-likelihood can be defined as the sum of the
individual contributions to the log-likelihood:

log ℒ(Ψ, 𝑌 ) =
𝑁

∑
𝑖=1

log ℒ(Ψ, 𝑌𝑖)

where the likelihood of the individual observations 𝑌𝑖 is expressed by the following integral:

ℒ(Ψ, 𝑌𝑖) = ∫
𝑏𝑖

𝑝(𝑌𝑖|𝑏𝑖; Ψ)𝑝(𝑏𝑖) 𝑑𝑏𝑖

where 𝑝(𝑌𝑖|𝑏𝑖; Ψ) is the conditional density of the observations 𝑌𝑖 given the random effects 𝑏𝑖, and
𝑝(𝑏𝑖) is the density of 𝑏𝑖 ∼ 𝒩(0, Ω). Therefore, the population Fisher information matrix 𝑀PF(Ψ, Ξ)
can be defined as the sum of the N elementary Fisher information matrices 𝑀PF(Ψ, 𝜉𝑖) computed for
each elementary design 𝜉𝑖:

𝑀PF(Ψ, Ξ) =
𝑁

∑
𝑖=1

𝑀PF(Ψ, 𝜉𝑖)

For one elementary design 𝜉𝑖, the elementary FIM 𝑀PF(Ψ, 𝜉𝑖) is defined as:

𝑀PF(Ψ, 𝜉𝑖) = 𝔼𝑌𝑖
(𝜕 log ℒ(Ψ, 𝑌𝑖)

𝜕Ψ
𝜕 log ℒ(Ψ, 𝑌𝑖)⊤

𝜕Ψ )

= 𝔼𝑌𝑖
( − 𝜕2 log ℒ(Ψ, 𝑌𝑖)

𝜕Ψ𝜕Ψ⊤ )
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where the second equality holds provided that the log-likelihood is twice differentiable. For the
population design composed of a limited number of 𝑄 independent arms, with 𝑛𝑞 individuals in the
𝑞th arm, belonging to the same elementary design 𝜉𝑞, the population Fisher information matrix is
expressed as the sum of Fisher information matrices for all arms:

𝑀PF(Ψ, Ξ) =
𝑄

∑
𝑞=1

𝑛𝑞𝑀PF(Ψ, 𝜉𝑞)

Despite having no analytical expression for nonlinear models, the log-likelihood log ℒ(Ψ, 𝑌𝑖) in Eq.
eq-log_L_Psi_Yi can be estimated by performing a standard first-order linearization of the model
around a guess value of the transformed fixed effects 𝜙0 = ℎ(𝜇0) (Mentré, Mallet, and Baccar 1997;
Retout, Duffull, and Mentré 2001; Foracchia et al. 2004; Mielke and Schwabe 2010). The residual
error 𝜀𝑖 is approximated through a zero-order approximation by considering the residual error 𝜀𝑖0
evaluated at 𝜙0.

Recalling that 𝐹(⋅, 𝜉𝑖) ∶ ℝ𝑝 ↦ ℝ𝑛𝑖 and ℎ−1 ∶ ℝ𝑝 ↦ ℝ𝑝, and denoting J𝜃𝐹(𝜃) ∈ ℝ𝑛𝑖×𝑝 the Jacobian
of 𝐹 , with J𝜃𝐹(𝜃)𝑙𝑚 = 𝜕𝐹𝑙/𝜕𝜃𝑚(𝜃), and J𝜙ℎ−1(𝜙) ∈ ℝ𝑝×𝑝 with J𝜙ℎ−1(𝜙)𝑙𝑚 = 𝜕ℎ−1

𝑙 /𝜕𝜙𝑚(𝜙), the
linearized multiple response model writes:

𝑌𝑖 ≈ 𝐹(ℎ−1(𝜙0), 𝜉𝑖) + J𝜙𝐹(ℎ−1(𝜙0), 𝜉𝑖) (𝜙𝑖 − 𝜙0) + 𝜀𝑖0
≈ 𝐹(ℎ−1(𝜙0), 𝜉𝑖) + J𝜃𝐹(𝜉𝑖, ℎ−1(𝜙0)) J𝜙ℎ−1(𝜙0)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

G𝑖

(𝜙𝑖 − 𝜙0) + 𝜀𝑖0

≈ 𝐹(ℎ−1(𝜙0), 𝜉𝑖) + G𝑖 (ℎ(𝜇) − 𝜙0) + G𝑖 (𝜙𝑖 − ℎ(𝜇)) + 𝜀𝑖0

The distribution of 𝑌𝑖 for the individual 𝑖 with design 𝜉𝑖 is thus given by:

𝑌𝑖 ∼ 𝒩(𝔼(𝑌𝑖), Var(𝑌𝑖))

where the population mean 𝔼(𝑌𝑖) and population variance Var(𝑌𝑖) are expressed as:

𝔼(𝑌𝑖) ≈ 𝐸 = 𝐹(𝜙0, 𝜉𝑖) + G𝑖(ℎ(𝜇) − 𝜙0)
Var(𝑌𝑖) ≈ 𝑉 = G𝑖ΩG⊤

𝑖 + Σ𝑖(𝜙0, 𝜎inter, 𝜎slope, 𝜉𝑖)

As a consequence of the linearization around a fixed value 𝜙0, G𝑖 is independent of 𝜇, 𝜕𝑉
𝜕𝜇𝑚

= 0, for

m=1,…,dim(𝜇). The elementary FIM is then reduced to a block diagonal matrix:

𝑀PF(Ψ, 𝜉𝑖) ≈ 1
2 [𝐴 0

0 𝐵]

where the blocks 𝐴, 𝐵 are defined as:

𝐴𝑙𝑚 = 2 𝜕𝐸⊤

𝜕𝜇𝑙
𝑉 −1 𝜕𝐸

𝜕𝜇𝑚
, 𝑙, 𝑚 = 1, … , dim(𝜇)

𝐵𝑙𝑚 = Tr( 𝜕𝑉
𝜕𝜆𝑙

𝑉 −1 𝜕𝑉
𝜕𝜆𝑚

𝑉 −1), 𝑙, 𝑚 = 1, … , dim(𝜆)

where 𝑀PF(𝜇, 𝜉𝑖) = 1
2𝐴 is the block of the FIM for the fixed effects 𝜇 and 𝑀PF(𝜆, 𝜉𝑖) = 1

2𝐵 is
the block of the FIM for the variance components 𝜆 (Tr stands for the trace operator). The FIM is
thereafter evaluated assuming that 𝜙0 = ℎ(𝜇), the fixed effect values for which the design is evaluated.
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2.3.2 Individual Fisher information matrix

In standard nonlinear regression models, the expected individual Fisher information for the parameter
𝜃𝑖 is:

𝑀IF(𝜃𝑖, 𝜉𝑖) = 𝔼𝑌𝑖
(𝜕 log 𝑝(𝑌𝑖|𝜃𝑖)

𝜕𝜃𝑖

𝜕 log 𝑝(𝑌𝑖|𝜃𝑖)⊤

𝜕𝜃𝑖
)

where 𝑝(𝑌𝑖|𝜃𝑖) is the probability density of the observations 𝑌𝑖 given the vector 𝜃𝑖. The individual
Fisher information matrix is expressed as:

𝑀IF(𝜃𝑖, 𝜉𝑖) = 𝜕𝐹(𝜃𝑖, 𝜉𝑖)⊤

𝜕𝜃𝑖
𝑉 −1 𝜕𝐹(𝜃𝑖, 𝜉𝑖)

𝜕𝜃𝑖
+ 1

2 Tr( 𝜕𝑉
𝜕𝜇𝑙

𝑉 −1 𝜕𝑉
𝜕𝜇𝑚

𝑉 −1)

reducing to

𝑀IF(𝜃𝑖, 𝜉𝑖) = 𝜕𝐹(𝜃𝑖, 𝜉𝑖)⊤

𝜕𝜃𝑖
𝑉 −1 𝜕𝐹(𝜃𝑖, 𝜉𝑖)

𝜕𝜃𝑖

for homoscedastic error (Combes et al. 2013).

2.3.3 Bayesian Fisher information matrix

The Bayesian Fisher information matrix, incorporating the a priori distribution of the random effects
𝑏𝑖, is expressed as (Mentré et al. 1995):

𝑀BF(𝜉𝑖) = −𝔼𝑏𝑖
(𝜕2 log(𝑝(𝑏𝑖|𝑌𝑖))

𝜕𝑏𝑖𝜕𝑏𝑖
⊤ )

= −𝔼𝑏𝑖
(𝔼𝑌𝑖|𝑏𝑖

(𝜕2 log(𝑌𝑖|𝑏𝑖)
𝜕𝑏𝑖𝜕𝑏𝑖

⊤ )) − 𝔼𝑏𝑖
(𝜕2 log(𝑝(𝑏𝑖))

𝜕𝑏𝑖𝜕𝑏𝑖
⊤ )

The Bayesian FIM is a sum of two matrices representing individual and prior information respectively.
The first term of Eq. eq-bayesian_fim is the expectation of the predicted individual FIM over the
distribution of random effects. As the distribution 𝑝(𝑏𝑖) is normal, the second term is the inverse of
Ω. The Bayesian Fisher matrix thus writes:

𝑀BF(𝜉𝑖) = 𝔼𝑏𝑖
(𝑀IF(ℎ(𝜇, 𝑏𝑖), 𝜉𝑖)) + Ω−1

The expectation 𝔼𝑏𝑖
(𝑀IF(ℎ(𝜇, 𝑏𝑖))) can be evaluated by first-order linearization of the model around

the expectation of random effects, by setting 𝑏𝑖 = 0. As shown in Combes et al. (2013), the Bayesian
Fisher matrix 𝑀BF(𝜉𝑖) can be approximated by:

𝑀BF(𝜉𝑖) = 𝑀⊤𝑀IF(𝑏𝑖, 𝜉𝑖)𝑀 + Ω−1

where 𝑀 is the 𝑝 × 𝑝 identity matrix if the individual parameters follow a normal distribution,
or the 𝑝 × 𝑝 diagonal matrix diag(𝜇𝑖1, 𝜇𝑖2, … , 𝜇𝑖𝑝) if the individual parameters follow a log-normal
distribution. The shrinkage Sh is quantified by the ratio of the estimation variance predicted by 𝑀−1

BF
and the variance-covariance matrix of the random effects Ω. It can be calculated as (Combes et al.
2013):

𝑆ℎ = diag(𝑀BF(𝜉)−1Ω−1)
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2.3.4 Prediction of standard errors

According to the Cramér-Rao inequality, the inverse of the FIM is the lower bound of the variance-
covariance matrix of any unbiased estimate of the parameters. Therefore if the FIM is nonsingular
(i.e. invertible), the square roots of the diagonal elements of its inverse can be used to calculate
the predicted standard errors (SE) for the estimated parameters. The expected standard error (SE)
for the population, individual, and Bayesian estimation can be derived from the square root of the
diagonal terms of 𝑀−1

PF, 𝑀−1
IF and 𝑀−1

BF respectively. The FIM may not be invertible in the case of
very poor design, or only one block may be invertible, which at least makes it possible to derive SEs
for the associated parameters (fixed effects or variance parameters).

2.4 Design optimization
An optimal design maximizes the amount of information provided by the study design, with the choice
of the specific criterion Φ, varying according to the objective of the experiment. A common choice
for the criterion Φ is the D-criterion Φ𝐷 (Pukelsheim 2006). A population design Ξ is considered
D-optimal if it maximizes the criterion Φ𝐷(Ξ), which is expressed as:

Φ𝐷(Ξ) = ( det [𝑀PF(Ψ, Ξ)])
1
𝑃

Following Eq. eq-weightedXsi, one can write:

Φ𝐷(Ξ) = ( det [𝑁
𝑄

∑
𝑞=1

𝑤𝑞𝑀PF(Ψ, 𝜉𝑞)])
1
𝑃

This criterion minimizes the volume of the asymptotic confidence ellipsoids for the parameter esti-
mates of the model, thereby maximizing the overall precision of the parameter estimates. Moreover,
this criterion is invariant under linear transformations of the parameters (Pukelsheim 2006).

Design optimization can be performed in discrete or continuous space depending on design constraints
and the optimization algorithm used. In the case of design optimization in discrete space, subjects
are allocated across various arms while adhering to inherent constraints within the design framework.
In PFIM, three types of sampling time constraints can be applied to each elementary design. These
include (i) specifying the sampling times eligible for optimization, (ii) determining the number of
sampling times to optimize, and (iii) identifying the sampling times that will not undergo optimiza-
tion. Additionally, dose optimization can be facilitated by providing a vector describing allowable
doses. The algorithm is then executed individually for each dose, ensuring adherence to the specified
sampling time constraints. In PFIM, the multiplicative and the Fedorov-Wynn algorithms can be used
to perform discrete optimization and target the maximization of the D-criterion of the population
design Ξ. Theoretical and operational details of the multiplicative and the Fedorov-Wynn algorithms
are given in Supplementary Material 11.

In case of optimization in continuous space, the constraints primarily revolve in PFIM around sampling
time intervals, which are allocated to distinct windows. These windows are bounded by predeter-
mined values, setting both minimum and maximum intervals. Within each window, a fixed number
of sampling times is accommodated while ensuring a minimum time interval between successive
sampling times.

Unlike the multiplicative and Fedorov-Wynn algorithms, these algorithms preserve the distribution of
individuals across the initial arms and focus solely on optimizing observation times within continuous
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intervals. In PFIM, the Nelder–Mead simplex algorithm and nature-inspired metaheuristic algorithms
such as Particle swarm optimization (PSO) and Population genetic-based optimization (PGBO)
algorithms can be used to perform continuous optimization by minimizing Φ−1

𝐷 (Ξ), consequently
maximizing the D-criterion of the population design Ξ. Theoretical and operational details of the
Nelder-Mead simplex, PSO and PGBO algorithms are given in Supplementary Material 11.

3 Structure and operation of PFIM 7
The PFIM package is dedicated to the design evaluation and optimization, based on the expression of
the FIM. PFIM is available from the Comprehensive R Archive Network (CRAN) at https://cran.r-
project.org/web/packages/PFIM/index.html. The latest release can be downloaded, installed, and
loaded within the R environment using the following commands:

> install.packages("PFIM")
> library( "PFIM" )

The PFIM package requires R version 4.0.0 or higher for installation and is distributed as open-source
software under the GPL-3 license. All dependencies of the PFIM package are accessible from the CRAN
at http://cran.r-project.org/. Additionally, the reference manual for the PFIM package is available
on CRAN, providing a detailed description of each class and method. To access the documentation
within R, you can use the help() function or the ?? command:

> help( package = "PFIM" )
> ??PFIM

The classes and methods are thoroughly documented using roxygen2 (Wickham et al. 2024), and two
vignettes have been created, employing knitr (Xie 2023) and rmarkdown (JJ et al. 2022), to illustrate
design evaluation and optimization examples. You can access these vignettes from CRAN using the
following command:

> vignette( package = "PFIM" )

The PFIM package uses testthat (Wickham et al. 2022) to execute unit tests that assess its validity.
For the latest news, references, documentation, and links to download the PFIM package, please visit
our website at http://www.pfim.biostat.fr/ and also the official PFIM GitHub repository, available at
https://github.com/packagePFIM.

3.1 Overall structure of the PFIM package
The PFIM package is developed within R using R’s object-oriented S7 classes and methods (R-Shiny
Development Team 2025). Interest in S7 object-oriented programming in R, characterized by its
robust class support, arises from its ability to manage complex problems and facilitate modular
architecture. A complete Unified Modeling Language class diagram for the PFIM package is given
in the supplement folder with the file diagramClassesPFIM7.html, displaying its classes and primary
relationships, including inheritance (”is a”) and composition (”has a”) relationships. In this diagram,
solid lines with open arrowheads indicate inheritance, and filled diamond shapes indicate composition.
The numbers on the lines represent potential instances of one class relative to a single instance of the
other class. For clarity, no attributes, class operations, or methods are shown. The core classes of the
package are Evaluation and Optimization that encapsulate all information related to design evaluation
and optimization, respectively. The PFIM package also includes a comprehensive library of PK/PD
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models defined by the classes LibraryOfPKModels, LibraryOfPDModels and LibraryOfPKPDModels. PFIM
also takes into account user-defined models, in analytical or ordinary differential equation (ODE)
form. Before going into the technical details of the contents and the use of these classes, we will
summarize their constructor and attributes. The PFIM package adheres to a nomenclature convention
that uses UpperCamelCase for its S7 classes and methods. Class instantiation involves calling class
constructors, which configure the object by initializing its attributes and performing any necessary
setup procedures. Specifically, the nomenclature used when instantiating classes involves starting
the name of the corresponding object with a lowercase letter.

3.1.1 Classes for the model libraries

The LibraryOfPKModels and LibraryOfPDModels classes define libraries of pre-implemented pharma-
cokinetic (PK) and pharmacodynamic (PD) models respectively. These libraries manage both an-
alytical and ordinary differential equation models. The LibraryOfPKModels class specifically man-
ages pharmacokinetic models, including one-,two-,and three-compartment models with linear and
Michaelis-Menten elimination mechanisms. It covers different administration schemes such as bo-
lus, oral and infusion, including single or multiple dose, as well as steady state. The Library-
OfPDModels class contains immediate and turnover-response models. It provides a wide range of
models including linear, quadratic, logarithmic, Emax, sigmoid Emax, Imax, sigmoid Imax, with
or without a baseline. The LibraryOfPKPDModels class enables the construction of PKPD models
by combining models from both the LibraryOfPKModels and LibraryOfPDModels classes. For detailed
information on the available models, please refer to the documentation provided at https://cran.r-
project.org/web/packages/PFIM/vignettes/LibraryOfModels.html. Examples of scripts demon-
strating the use of these model libraries for design evaluation and optimization are available at
https://github.com/packagePFIM/PFIM.

3.1.2 Evaluation class

The constructor syntax for creating an object evaluation from the class Evaluation writes:

evaluation = Evaluation(
name, modelEquations, modelFromLibrary,
modelParameters, modelError, outputs,
designs, fimType, odeSolverParameters )

Its attributes are defined as:

• name: A character string defining the name of the evaluation object evaluation. This attribute
is an empty string by default.

• modelEquations: A list of character strings specifying the model equations for user-defined
models.

• modelFromLibrary: A list of character strings specifying the pharmacokinetic (PK) and phar-
macodynamic (PD) models retrieved from the PK and PD model libraries stored within the
LibraryOfPKModels and LibraryOfPDModels classes, respectively.

• modelParameters: A list of objects from the ModelParameter class defining a model parameter.

• modelError: A list of objects from the ModelError class, each representing specific error models,
namely additive, proportional and combined, according to Eq. eq-error_model. These error
models are implemented through child classes Constant, Proportional, and Combined1, which
inherit from the parent class ModelError.
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• outputs: A list of character strings defining the evaluation responses.

• designs: A list of objects from the Design class specifying the design to be evaluated. The
arms of a design are defined by objects from the Arm class. The administration and sampling
times are specified by instantiating the Arm class with its samplingTimes and Administration
attributes. These attributes are objects from the SamplingTimes and Administration classes,
respectively encapsulating specifications for administration and sampling times.

• fimType: A character string defining the type of FIM for design evaluation, with options includ-
ing ”population”, ”individual”, or ”Bayesian”. Upon defining the fimType attribute, an object
of the Fim class is created to define the specific FIM. There are three classes that inherit from
the Fim class, each designated for a different type of FIM: PopulationFim for the population
FIM, IndividualFim for the individual FIM, and BayesianFim for the Bayesian FIM.

• odeSolverParameters: A vector of doubles specifying the relative tolerance rtol and absolute
tolerance atol parameters for the ODE solver lsoda in the deSolve package for simulating ODE
systems (Soetaert, Petzoldt, and Setzer 2010).

3.1.3 Optimization class

The Optimization class shares the attributes of the Evaluation class and extends its capabilities by
introducing the attributes optimizer, optimizerParameters. The constructor syntax for creating an
object optimization from the class Optimization writes:

optimization = Optimization(
name, modelEquations, modelFromLibrary, modelParameters,
modelError, outputs, optimizer,
optimizerParameters, designs, fimType,
odeSolverParameters )

The attributes name, modelEquations, modelParameters, modelError, outputs, designs, fimType,
odeSolverParameters are defined in the same manner as in the Evaluation class. The optimizer and
optimizerParameters attributes of the object optimization are defined as:

• optimizer: A character string defining the optimization algorithm to be selected.

• optimizerParameters: A list defining the parameters for the optimization algorithms. For
stochastic algorithms, the seed can be set within optimizerParameters as seed, a numeric used
for the random number generator ensuring replicability of results in optimization examples.

The optimization constraints should be defined to optimize a design. In PFIM, the design optimization
workflow replicates the steps used in the evaluation of the design, with constraints related to sampling
times and dose administration incorporated through the principal design argument. These constraints
are respectively defined with the constructor of the SamplingTimeConstraints and AdministrationCon-
straints classes and may vary depending on whether the optimization is discrete or continuous. The
optimization constraints are specified by instantiating the Arm class with its samplingTimesConstraints
and administrationsConstraints attributes that are objects from the SamplingTimesConstraints and
AdministrationConstraints classes, respectively encapsulating information for the sampling time and
administration constraints.

3.2 Main function for getting and plotting the output
The design evaluation and optimization are performed using the run method:
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> evaluationFIM = run( evaluation )
> optimizationFIM = run( optimization )

The output objects evaluationFIM and optimizationFIM are objects of class Evaluation and Opti-
mization, respectively. They contain various results, such as model responses, sensitivity indices,
standard errors (SE), relative standard errors (RSE) of estimated parameters, the Fisher informa-
tion matrix, and the evaluated or optimal design. For post-evaluation and post-optimization analyses,
PFIM provides specialized methods to display the contents of the objects evaluationFIM and opti-
mizationFIM.

3.2.1 show() method for the design evaluation and optimization

For the object evaluationFIM, the show() method presents the main results of the design evaluation,
offering a comprehensive overview of the key components of the FIM in the evaluated design. Start-
ing from the design name, it displays both the fixed and variance components of the FIM. In the
fixed component, the rows and columns are labelled with 𝜇_ followed by the name of the parameter.
Similarly, in the variance component, they are labelled with 𝜔2_ followed by the name of the param-
eter. For the model error, the rows and columns are labelled by 𝜎slope_ and 𝜎inter_ followed by the
name of the associated response, representing the estimated model error parameter. Furthermore,
various metrics are provided such as the determinant of the FIM, the condition numbers of the fixed
and variance components, the D-criterion, and the shrinkage values in the case of Bayesian FIM. Ad-
ditionally, it covers the standard error and relative standard error values for both fixed and random
effect parameters, along with estimates of model error parameters. All these elements can also be
accessed using the following methods: getFisherMatrix() to obtain the FIM, getSE() and getRSE()
for the standard and relative standard errors, getShrinkage() for the shrinkage in the Bayesian FIM,
and getDeterminant() and getDcriterion() for the determinant and D-criterion of the FIM.

For the object optimizationFIM, the presentation of the main results of the design optimization via
the show method varies depending on whether the optimization is discrete or continuous. The show
method for presenting optimization results follows a three-part structure for the multiplicative and
Fedorov-Wynn algorithms (discrete optimization). Firstly, it presents a data frame detailing the
arms’ identity, size, and optimal frequency for the Fedorov-Wynn algorithm, and the arms’ identity,
weight, and sampling time for each response for the multiplicative algorithm. Secondly, it generates
an additional data frame for the optimal design, incorporating essential information such as arm
identity, size, response details, dose information, and the corresponding optimal sampling times.
Finally, it displays the FIM of the optimal design and its key components, aiding in the analysis
and understanding of the design’s performance. For the Nelder-Mead simplex, PSO, and PGBO
algorithms (continuous optimization), the show method follows a two-part structure. The first part,
introduced with the header “Initial design”, recalls the characteristics of the arm being optimized
and then displays the results of the evaluation of the initial design, including its key components.
The second part, introduced with the header “Optimal design”, presents the optimal design itself,
followed by the evaluation output of this optimal design and its corresponding key components.

3.2.2 Plot and report methods for design evaluation and optimization

Additionally, PFIM offers specific plotting and reporting methods using ggplot2, knitr and rmark-
down. The plot() method, where evaluationObject is an object of class Evaluation, accepts a which
argument to select the outputs: "evaluation" displays the model responses (e.g., predicted PK/PD
profiles); "sensitivityIndices" shows the sensitivity of the model outputs to parameter variations;
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"SE" and "RSE" present the standard and relative standard errors of the estimated parameters, re-
spectively. Any combination of these options can be specified, e.g. which = c("SE", "RSE"). The
plot(evaluationObject, which="evaluation") method returns a list of ggplot objects indexed by
design, arm and outcome name. The plot(evaluationObject, which="sensitivityIndices") method
returns a list indexed by design, arm, outcome and parameter name. Both methods produce 2D
plots over time, with sampling times indicated by red dots. The which="SE" and which="RSE" meth-
ods each return a list of ggplot objects indexed by design name, split into three plots: one for
the fixed and random effect parameters, one for the error model parameters, and one for the er-
ror parameter values. For the multiplicative algorithm, plot(optimizationObject, which="weights")
generates a bar plot of arm weights above a specified threshold; for the Fedorov-Wynn algorithm,
plot(optimizationObject, which="frequencies") generates a bar plot of arm frequencies. The Report
method generates an HTML report for both Evaluation and Optimization objects:

Report( object, outputPath, outputFile, plotOptions )

where the argument object is an object of either class Evaluation or Optimization, and the arguments
outputPath and outputFile are strings specifying the output path and the name of the report.

The following Section 4 presents the main workflow used within PFIM for both design evaluation and
optimization. The practical implementation of the user script, along with the methods and their
arguments, as well as their outputs, is demonstrated through this practical case study covering both
evaluation and optimization in continuous design space for a PK model. The show() method and the
reports generated in each case study are provided in the Supplementary Materials, along with the
plots created by the code snippets provided for the graphical outputs. Another example dealing with
design evaluation and optimization in discrete space for a PKPD model (first-order PK and turnover
Imax PD), with several dose arms and optimizing both sampling times and the number of subjects
in the possible dose arms. This example is provided in Supplementary Material.

4 Case study: Design evaluation and optimization in continuous
space

4.1 Design evaluation in continuous space
In this example, we use a single-response PK model with a 1-compartment, linear elimination and
an IV infusion, inspired by (Sukeishi et al. 2022):

⎧{
⎨{⎩

During Infusion: 𝐶(𝑡) = 𝐷
Tinf ⋅ 𝐶𝑙(1 − exp(−𝐶𝑙

𝑉 ⋅ 𝑡))

After Infusion: 𝐶(𝑡) = 𝐷
Tinf ⋅ 𝐶𝑙(1 − exp(−𝐶𝑙

𝑉 ⋅ Tinf)) exp(−𝐶𝑙
𝑉 (𝑡 − Tinf))

where 𝐶 stands for concentration, 𝐷 is the dose, 𝑉 is the volume of distribution, 𝐶𝑙 is the clearance of
elimination and Tinf is the duration of infusion. A total of 150 individuals receive a 400-mg loading
dose on Day 1, followed by four once-daily maintenance doses of 200 mg. All doses are administered
as 1-hour intravenous infusions starting at H0, H24, H48, H72, and H96. Blood samples are collected
at the end of the first infusion (H1) and at H12, H24, H44, H72, and H120. These sampling times
correspond to 12 and 24 hours after the first infusion, 20 hours after the second infusion, 24 hours
after the third infusion, and 24 hours after the fifth infusion, respectively. We assumed that the mean
and variance of V and 𝐶𝑙 are estimated using an exponential random effect model (i.e., a log-normal
distribution). The vectors of fixed and random effects are given in Table 1 and the parameters of the
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error model are given in Table 2. In this study, the single-dose PK model serves as a building block,
while the study design, including a loading dose followed by multiple daily doses, defines the overall
dosing regimen; PFIM automatically accounts for repeated dosing by applying the single-dose model
to each administered dose and summing their contributions at each sampling time, ensuring that the
simulation and Fisher Information Matrix calculations accurately reflect the full dosing schedule.

Table 1: Parameters of the PK model and their distributions. 𝜇: fixed effects; 𝜔: standard deviation of
random effects.

Parameter Distribution 𝜇 𝜔 𝜇 fixed 𝜔 fixed
𝑉 Lognormal 50 0.51 No No
𝐶𝑙 Lognormal 5 0.583 No No

Table 2: Parameters of the PK error model. 𝜎inter: additive error parameter; 𝜎slope: proportional error
parameter.

Response Model error 𝜎inter 𝜎slope

PK Combined residual error (Eq. error model) 0.5 0.387

4.1.1 Defining the model equations

The 1-compartment model with linear elimination for IV infusion corresponds to the model called
"Linear1InfusionSingleDose_ClV" in the PK model library, selected through the list modelFromLibrary
named "PKModel". In the case of an analytic model, the outcomes are specified as a list of response
names of the model:

> modelFromLibrary = list( "PKModel" = "Linear1InfusionSingleDose_ClV" )

4.1.2 Defining the model parameters

The model parameters are defined as follows:

> modelParameters = list(
+ ModelParameter( name = "V", distribution = LogNormal( mu = 50, omega = 0.51 ) ),
+ ModelParameter( name = "Cl",
+ distribution = LogNormal( mu = 5, omega = 0.583 ) ) )

where name is a character string specifying the name of the model parameter as defined in equations,
distribution is an object from the class Distributions specifying the distribution (Normal or LogNormal)
of the model parameter among the population. The attributes mu and omega are doubles and define
the mean parameter and standard deviation of the random effects, respectively. Optional boolean
flags are provided to specify whether the mean or the standard deviation is being fixed: fixedMu,
fixedOmega, where FALSE indicates estimation, while TRUE signifies no estimation. By default, both
flags are set to FALSE, implying that mu and omega are estimated.

4.1.3 Defining the error model

The error model is defined as follows:
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> errorModelRespPK = Combined1( output = "RespPK", sigmaInter = 0.5,
+ sigmaSlope = 0.387 )
> modelError = list( errorModelRespPK )

where output is a character string specifying the model response to which the error model is associated,
sigmaInter is a numeric representing the additive part 𝜎inter of the residual error for the output,
sigmaSlope is a numeric representing the proportional part 𝜎slope of the residual error for the output,
corresponding to the error model defined in equation eq-error_model.

4.1.4 Defining a design

The administration with multiple doses and infusion is defined as follows, where the attribute Tinf
is a vector of doubles specifying the infusion duration for each dose:

> administrationRespPK = Administration( outcome = "RespPK",
+ Tinf = rep( 1, 5 ), timeDose = seq( 0, 96, 24 ), dose = c( 400, rep( 200, 4 ) ) )

The vectors Tinf, timeDose, dose are of the same length. The sampling times for the response PK
are defined as follows:

> samplingTimesRespPK = SamplingTimes(outcome = "RespPK",
+ samplings = c( 1, 12, 24, 44, 72, 120 ) )

The arm of size 150 of the PK response and its design (composed of this unique arm) are defined as
follows:

> arm1 = Arm( name = "arm1", size = 150,
+ administrations = list( administrationRespPK ),
+ samplingTimes = list( samplingTimesRespPK ) )

> design1 = Design( name = "design1", arms = list( arm1 ) )

4.1.5 Run a design evaluation

To perform a design evaluation the attributes modelFromLibrary, modelParameters, modelError, out-
puts, designs, and fimType should be specified. The design evaluation of the population, individual,
and Bayesian FIM can be conducted, by specifying the attribute fimType as fimType = ”popula-
tion”, fimType = ”individual”, fimType = ”Bayesian” respectively. The evaluation results for both
the individual and Bayesian designs are provided in the supplementary material. The relevant
files are located in the folder vignette_2/Evaluation within the archive vignette_2.7z, accessible
at https://doi.org/10.5281/zenodo.18543693. The odeSolverParameters are ignored in the case of a
model in analytical form.

> evaluationPop = Evaluation( name = "",
+ modelFromLibrary = modelFromLibrary,
+ modelParameters = modelParameters,
+ modelError = modelError,
+ outputs = list( "RespPK" ),
+ designs = list( design1 ),
+ fimType = "population",
+ odeSolverParameters = list( atol = 1e-8, rtol = 1e-8 ) )

> evaluationFIMPop = run( evaluationPop )

> show( evaluationFIMPop )
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***************************************
Population Fisher Matrix

***************************************

μ_V μ_Cl ω²_V ω²_Cl σ_inter_RespPK σ_slope_RespPK
μ_V 0.1393880 -0.2899109 0.00000 0.00000 0.00000 0.0000
μ_Cl -0.2899109 14.3204999 0.00000 0.00000 0.00000 0.0000
ω²_V 0.0000000 0.0000000 404.77110 17.51007 51.06227 259.6216
ω²_Cl 0.0000000 0.0000000 17.51007 427.24316 54.71243 80.1080
σ_inter_RespPK 0.0000000 0.0000000 51.06227 54.71243 1982.21804 1361.3658
σ_slope_RespPK 0.0000000 0.0000000 259.62165 80.10800 1361.36582 1648.5030

***************************************
Fixed effects

***************************************

μ_V μ_Cl
μ_V 0.1393880 -0.2899109
μ_Cl -0.2899109 14.3204999

***************************************
Variance components

***************************************

ω²_V ω²_Cl σ_inter_RespPK σ_slope_RespPK
ω²_V 404.77110 17.51007 51.06227 259.6216
ω²_Cl 17.51007 427.24316 54.71243 80.1080
σ_inter_RespPK 51.06227 54.71243 1982.21804 1361.3658
σ_slope_RespPK 259.62165 80.10800 1361.36582 1648.5030

*********************************************
Determinant, condition numbers and D-criterion

***********************************************

Determinant: 380849659427.786
D-criterion: 85.1384217619946
Condition number of the fixed effects: 107.343235280232
Condition number of the random effects: 12.6420305367204

***************************************
Parameters estimation

***************************************

parametersValues SE RSE
μ_V 50.0000000 2.73670901 5.473418
μ_Cl 5.0000000 0.26999904 5.399981
ω²_V 0.2600000 0.05481857 21.084067
ω²_Cl 0.3400000 0.04861157 14.297522
σ_inter_RespPK 0.5000000 0.03570392 7.140784
σ_slope_RespPK 0.3872983 0.04131312 10.667003

This show summarizes the key results of the design evaluation: the FIM blocks, their condition
number, the D-criterion, and the expected RSE. The shrinkage for each parameter is computed and
displayed only when using the Bayesian FIM. The code below demonstrates how to generate the
graphical outputs of the evaluation of the PK model with the design1 (Fig. 1) and the sensitivity
index 𝜕𝐶

𝜕𝑉 (Fig. 2).

# define the plot options
> plotOptions = list(unitTime = c("hour"), unitOutcomes = c("mcg/mL"))
# get the graphs showing the evaluation of model response
# and the corresponding sensitivity indices
> plotEvaluation = plot(evaluationFIMPop,
+ plotOptions = plotOptions,
+ which = c("evaluation", "sensitivityIndices", "SE", "RSE"))
# get and plot the graphs showing the evaluation of model response "RespPK"
# and the corresponding sensitivity indices with respect to V
> print(plotEvaluation$evaluation[["design1"]][["arm1"]][["RespPK"]])
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> print(plotEvaluation$sensitivityIndices[["design1"]][["arm1"]][["RespPK"]][["V"]])
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Figure 1: Pharmacokinetics response evaluated with the model and sampling times for arm1.

The plots of expected standard error (SE, Fig. 4) and relative standard error (RSE, Fig. 5) of
estimated parameters can be generated from the following code.

> print( plotEvaluation$SE )
> print( plotEvaluation$RSE )

Finally, we can generate the HTML report. All corresponding show outputs, graphs, and detailed
reports are also available in the supplementary folder vignette_2/Evaluation within the archive
vignette_2.7z, accessible at https://doi.org/10.5281/zenodo.18543693.

# define your output path here
> outputPath = "..."
# define the name of the output file and generate the report
> outputFile = "Example02_EvaluationPopFIM.html"
> Report(evaluationFIMPop, outputPath, outputFile, plotOptions)

4.2 Design optimization in continuous space
Once the pharmacokinetic model has been evaluated using the specified design, the next step is to
optimize the sampling times to obtain precise parameter estimates. In this process, the number of
sampling times per individual has been reduced from six in the initial design to four. This reduction
helps minimize the burden on patients and biomedical staff, as well as the study cost.
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Figure 2: Sensitivity index 𝜕𝐶
𝜕𝑉 with respect to parameter 𝑉 and sampling times for arm1.
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Figure 4: Relative standard error (RSE, in %) of the model parameters from the evaluated population Fisher
information matrix.
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In this example, the sampling time constraints involve selecting the 4 sampling times according to
the following criteria:

• 2 sampling times within the time interval

1, 48

• 2 sampling times within the time interval

72, 120

• Ensuring at least a 5 hour time distance between any two consecutive sampling times.

Design optimization is performed using the PSO algorithm, described in detail in Supplementary
Material 11, for a population FIM. The Nelder-Mead simplex and PGBO algorithms can also be
used with the same constraints, they are described in Supplementary Material 11 and details for
running them are provided in Supplementary Material S5.

4.2.1 Defining the sampling time constraints

The following code shows an example of sampling time constraint definition.

> samplingTimesRespPK = SamplingTimes( outcome = "RespPK",
+ samplings = c( 1, 48, 72, 120 ) )
> samplingConstraintsRespPK = SamplingTimeConstraints( outcome = "RespPK",
+ initialSamplings = samplingTimesRespPK,
+ numberOfTimesByWindows = c( 2, 2 ),
+ samplingsWindows = list( c( 1, 48 ), c( 72, 120 ) ),
+ minSampling = 5 )

The attributes to be defined are the outcome, a character string defining the model response on which
the sampling times constraint are applied. The initialSamplings, an object of class SamplingTimes
defining the initial sampling times, the numberOfTimesByWindows, a vector of doubles defining the
number of sampling times in each window defined in samplingsWindows which defines the minimum
and maximum boundaries of each window, and the minSampling, a numeric value indicating the
minimum time interval between successive sampling times. The sum of the numberOfTimesByWindows
must be equal to the number of sampling times and the length of numberOfTimesByWindows must
match the number of windows.

4.2.2 Defining the administration constraints

In continuous optimization with the PFIM package, dosing regimens are not optimized (it can be
done with discrete optimization). The definition of the administration for the optimization process
remains identical to the one defined for the evaluation.

> administrationRespPK = Administration( outcome = "RespPK",
+ Tinf = rep( 1, 5 ), timeDose = seq( 0, 96, 24 ),
+ dose = c( 400, rep( 200, 4 ) ) )

4.2.3 Defining the design with its constraint

The arm including the sampling time constraints is defined as follows:
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> arm2 = Arm( name = "arm2",
+ size = 150,
+ administrations = list( administrationRespPK ) ,
+ samplingTimes = list( samplingTimesRespPK ),
+ samplingTimesConstraints = list( samplingConstraintsRespPK ) )
> design2 = Design( name = "design2", arms = list( arm2 ), numberOfArms = 150 )

4.2.4 Run a design optimization with the PSO algorithm

The attributes modelFromLibrary, modelParameters, modelError, optimizer, optimizerParameters, de-
signs, and fimType have been defined. The Optimization class can now be instantiated to perform
design optimization using the PSO algorithm. The optimization algorithm is specified by the op-
timizer attribute, where optimizer = "PSOAlgorithm", along with its attribute optimizerParameters,
which contains the parameters for the optimization algorithm. For clarity and conciseness, only the
results corresponding to the “Optimal design” part are shown below.

> optimizationPSO = Optimization( name = "",
+ modelFromLibrary = modelFromLibrary ,
+ modelParameters = modelParameters,
+ modelError = modelError,
+ optimizer = "PSOAlgorithm",
+ optimizerParameters = list(
+ maxIteration = 100, populationSize = 50,
+ personalLearningCoefficient = 2.05,
+ globalLearningCoefficient = 2.05,
+ seed = 42,
+ showProcess = TRUE ),
+ designs = list( design2 ),
+ fimType = "population",
+ outputs = list( "RespPK" ) )

> optimizationPSO = run( optimizationPSO )
> show( optimizationPSO )
=====================================

Initial design
=====================================

Arms name Number of subjects Outcome Dose Sampling times
1 arm2 150 RespPK 400, 200, 200, 200, 200 (1, 48, 72, 120)

***************************************
Population Fisher Matrix

***************************************

μ_V μ_Cl ω²_V ω²_Cl σ_inter_RespPK σ_slope_RespPK
μ_V 0.1354839 -0.3248313 0.00000 0.00000 0.00000 0.00000
μ_Cl -0.3248313 12.1107623 0.00000 0.00000 0.00000 0.00000
ω²_V 0.0000000 0.0000000 382.41404 21.98237 44.63647 264.88128
ω²_Cl 0.0000000 0.0000000 21.98237 305.56368 105.52177 79.50987
σ_inter_RespPK 0.0000000 0.0000000 44.63647 105.52177 1392.16105 653.06837
σ_slope_RespPK 0.0000000 0.0000000 264.88128 79.50987 653.06837 634.97897

***************************************
Fixed effects

***************************************

μ_V μ_Cl
μ_V 0.1354839 -0.3248313
μ_Cl -0.3248313 12.1107623

***************************************
Variance components

***************************************
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ω²_V ω²_Cl σ_inter_RespPK σ_slope_RespPK
ω²_V 382.41404 21.98237 44.63647 264.88128
ω²_Cl 21.98237 305.56368 105.52177 79.50987
σ_inter_RespPK 44.63647 105.52177 1392.16105 653.06837
σ_slope_RespPK 264.88128 79.50987 653.06837 634.97897

*********************************************
Determinant, condition numbers and D-criterion

***********************************************

Determinant: 41386277548.9818
D-criterion: 58.8133694373923
Condition number of the fixed effects: 95.6713072499344
Condition number of the random effects: 18.4576745614613

***************************************
Parameters estimation

***************************************

parametersValues SE RSE
μ_V 50.0000000 2.80859742 5.617195
μ_Cl 5.0000000 0.29706229 5.941246
ω²_V 0.2600000 0.07073645 27.206328
ω²_Cl 0.3400000 0.05824621 17.131237
σ_inter_RespPK 0.5000000 0.04347975 8.695951
σ_slope_RespPK 0.3872983 0.07639997 19.726386

=====================================
Optimal design

=====================================

Arms name Number of subjects Outcome Dose Sampling times
1 arm2 150 RespPK 400, 200, 200, 200, 200 (1, 24, 97, 120)

***************************************
Population Fisher Matrix

***************************************

μ_V μ_Cl ω²_V ω²_Cl σ_inter_RespPK σ_slope_RespPK
μ_V 0.1553579 -0.1841623 0.000000 0.000000 0.00000 0.00000
μ_Cl -0.1841623 12.4931400 0.000000 0.000000 0.00000 0.00000
ω²_V 0.0000000 0.0000000 502.835221 7.065782 52.29275 247.79202
ω²_Cl 0.0000000 0.0000000 7.065782 325.163639 101.06946 95.55499
σ_inter_RespPK 0.0000000 0.0000000 52.292752 101.069458 698.92855 623.89899
σ_slope_RespPK 0.0000000 0.0000000 247.792018 95.554992 623.89899 1641.69761

***************************************
Fixed effects

***************************************

μ_V μ_Cl
μ_V 0.1553579 -0.1841623
μ_Cl -0.1841623 12.4931400

***************************************
Variance components

***************************************

ω²_V ω²_Cl σ_inter_RespPK σ_slope_RespPK
ω²_V 502.835221 7.065782 52.29275 247.79202
ω²_Cl 7.065782 325.163639 101.06946 95.55499
σ_inter_RespPK 52.292752 101.069458 698.92855 623.89899
σ_slope_RespPK 247.792018 95.554992 623.89899 1641.69761

*********************************************
Determinant, condition numbers and D-criterion

***********************************************

Determinant: 207256273436.376
D-criterion: 76.9280305604956
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Condition number of the fixed effects: 81.881392644448
Condition number of the random effects: 6.92393338504603

***************************************
Parameters estimation

***************************************

parametersValues SE RSE
μ_V 50.0000000 2.55953621 5.119072
μ_Cl 5.0000000 0.28542513 5.708503
ω²_V 0.2600000 0.04654285 17.901095
ω²_Cl 0.3400000 0.05674885 16.690838
σ_inter_RespPK 0.5000000 0.04739386 9.478773
σ_slope_RespPK 0.3872983 0.03156589 8.150277

The optimization of the 4 measurement times led to good expected precision in the estimated pa-
rameters (RSE < 20%), despite the reduction of 2 sampling times per individual and clinical con-
straints. The corresponding show output and design2 (population FIM) optimization reports are
included in the supplementary archive vignette_2.7z in the folder vignette_2/Optimization_PSO/ at
https://doi.org/10.5281/zenodo.18543693.

5 Conclusion
The importance of design evaluation and optimization is well known to obtain conclusive studies
when analyzed by NLMEM, as in pharmacometrics. The PFIM R package is a tool for evaluation and
optimization of designs, using a linear approximation for FIM evaluation (Mentré, Mallet, and Baccar
1997). We evaluate the FIM by linearization, as this method is fast and provides reliable results for
standard pharmacometrics models (Nyberg et al. 2015). For more complex models, such as those
used to analyse discrete data, alternative methods to evaluate the FIM would be of interest (Ueckert
and Mentré 2017). PFIM allows optimizing individual and population designs and provides expected
precision of model parameters. It includes the possibility to define multiple response models (Bazzoli,
Retout, and Mentré 2010) using analytic or ordinary differential equations, as well as a library of
pharmacokinetics and pharmacodynamics models. The Bayesian FIM can also be evaluated, enabling
predictions of random effects shrinkage (Combes et al. 2013), which is useful in therapeutic drug
monitoring or before a covariate investigation.

In this latest version, PFIM has undergone a major rebuild using R S7 object-oriented programming
to improve usability and long-term sustainability. Major enhancements include the ability to handle
different distributions for different parameters (normal or log-normal) within the same model, and
the possibility to estimate only the fixed effect or the standard deviation of the random effect of
a parameter. Future enhancements will include support for logit-normal distributions or even user-
defined distributions. The package also includes advanced algorithms to optimize designs in a discrete
design space (multiplicative) or in a continuous design space (PSO and PGBO), while leaving open
the possibility of using historical algorithms (Fedorov-Wynn and Nelder-Mead simplex, for discrete
and continuous optimization, respectively).

Refinements to the graphical display have been performed using R packages such as ggplot2, to
obtain graphics in a widely used and flexible format, and knitr and rmarkdown packages to build
an easy-to-read report. Importantly, PFIM consists of a clear and modular script for the user and
for the programmer, which will ease the implementation of new features and more sophisticated
reports. This manuscript shows the different functions of interest when using PFIM, through two case
studies of design evaluation and optimization for a population pharmacokinetics-pharmacodynamics
parallel study with different arm doses (Flores-Murrieta et al. 1998) and for a pharmacokinetics
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study involving multiple intravenous infusions (Sukeishi et al. 2022). It is also possible to take more
responses into account, for example in combination therapy studies measuring the PK of different
molecules and a PD efficacy marker.

Future updates of the package will include some features that were available in the PFIM version such
as the incorporation of a previous FIM to perform adaptive designs, the addition of inter-occasion
variability and the inclusion of categorical covariate effects, together with the associated statistical
power and the number of subjects needed to reach the desired power. In addition, the restriction to
diagonal Ω matrices, while simplifying computations, limits applicability to more complex correlation
structures among random effects. These design choices were made to balance computational efficiency
with broad usability, while still covering a wide range of typical NLMEM applications. The inclusion
of non-diagonal covariance matrices for the random effects is planned in a future update. We also plan
to incorporate features currently available in the PopED package, including additional distributions
for individual parameters, greater flexibility in defining the error model, the ability to investigate the
efficiency of sampling windows, and the option to account for data below the limit of quantification.
It would also be useful to incorporate other developed tools such as robust methods to account for
model and/or parameter uncertainties (Loingeville et al. 2020), robust and adaptive designs (Fayette
et al. 2023), perform design optimization using other criteria such as the 𝐷𝑆-optimality, or a mixture
of 𝐷- and 𝐷𝑆-optimality, the 𝐷𝐷𝑆-optimality, which gives greater importance to the estimation of
a subset of parameters while not neglecting the other estimated parameters (Atkinson, Donev, and
Tobias 2007; Seurat et al. 2020).

Alternative methods to evaluate the FIM for complex models would also be of interest (Ueckert
and Mentré 2017). Also, developing interoperability with estimation tools, e.g. saemix (Comets,
Lavenu, and Lavielle 2017) or Monolix (Kuhn and Lavielle 2005) would help modelers to better
design studies with clinical teams. Another perspective is to develop a new user-friendly interface
version of PFIM through shiny (Chang et al. 2024). Although PFIM was designed primarily for use for
pharmacometrics studies, it can also be used by other longitudinal data modelers, since it takes user-
defined models into account. Requests and feedback from the users are welcome; please send an email
to thepfimgroup@googlegroups.com, and will be taken into account for the package updates. To
conclude, the new version of the PFIM package simplifies its use and offers the possibility to evaluate
and optimize designs for longitudinal studies in pharmacometrics and other fields. Importantly, this
new version of PFIM is now available on CRAN, making it easy to install and use.
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6 Glossary
Table 3: Glossary of symbols and abbreviations.

Symbol Definition
Ξ Exact population design
Ξ𝑤 Statistical population design
𝑁 Number of individuals
𝑖 Index of the 𝑖th individual
𝜉 Elementary design
𝑛𝑖 Number of sampling times for the 𝑖th individual
𝑡𝑖𝑗 𝑗th observation time for the 𝑖th individual in a single response model
𝑑𝑖 Number of doses for the 𝑖th individual
𝐷𝑖𝑑 𝑑th dose for the 𝑖th individual
𝑡𝐷𝑖𝑑

Administration time for the 𝑑th dose for the 𝑖th individual
𝜏𝑖𝑑 Interval between the 𝑑−1th and the 𝑑th doses for the 𝑖th individual
𝑘 Index of the 𝑘th response
𝐾 Number of responses
𝑛𝑖𝑘 Number of sampling times for the 𝑘th response for the 𝑖th individual
𝑡𝑖𝑘𝑗 𝑗th observation time for the 𝑘th response for the 𝑖th individual
𝑞 Index of the 𝑞th arm
𝑄 Number of arms
𝑛𝑞 Number of individuals in the 𝑞th arm
𝑤𝑞 Weight of the 𝑞th arm
𝑌𝑖 Vector of observations for the 𝑖th individual
𝑌𝑖𝑘 Vector of observations for the 𝑘th response for the 𝑖th individual
𝑌 Vector of all the observations
𝑓𝑘 Structural model for the 𝑘th response
𝐹 Vector of the K response models
𝜀𝑖 Vector of the residuals for the 𝑖th individual
𝜀𝑖𝑘 Vector of the residuals for the 𝑘th response for the 𝑖th individual
Σ𝑖 Variance-covariance matrix of the residual error for the 𝑖th

individual
Σ𝑖𝑘 Variance-covariance matrix of the residual error for the 𝑘th response

for the 𝑖th individual
𝜎𝑖𝑛𝑡𝑒𝑟𝑘 Additive part of the residual error of the 𝑘th response
𝜎𝑠𝑙𝑜𝑝𝑒𝑘 Proportional part of the residual error of the 𝑘th response
𝐼𝑛 𝑛 × 𝑛 identity matrix
𝜃𝑖 Vector of individual parameters for the 𝑖th individual
𝑝 Dimension of the individual parameter vector
𝜇 Vector of fixed effects
𝑏𝑖 Vector of random effects for the 𝑖th individual
Ω Variance-covariance matrix of the random effects
𝑤𝑙 Standard deviation of the 𝑙th random effect
𝜙𝑖 Normally distributed individual parameters for the 𝑖th individual
ℎ Transformation function to normally distributed parameters
Ψ Vector of population parameters

Continued on next page
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Symbol Definition
𝑃 Dimension of the population parameter vector
𝜆 Vector of variance terms
𝜎inter Vector of the additive parts of the residual error of the 𝐾 responses
𝜎slope Proportional parts of the residual error of the 𝐾 responses
𝑀PF Population FIM
𝑀IF Individual FIM
𝑀BF Bayesian FIM
ℒ Likelihood
𝐴, 𝐵 Population FIM blocks
𝑉 Population variance
𝑆ℎ Shrinkage
𝑆𝐸 Standard error
Φ Optimality criterion
Φ𝐷 D-optimality criterion
𝑘 Index of the 𝑘th iteration
𝑚 Multiplying factor
𝜆 Power parameter
𝛿 Stopping criterion
𝜖 Tolerance parameter
𝛼 Parameter for Fedorov-Wynn algorithm
𝒯 Size of the variables to be optimized
𝒳 Design space
𝑥 Vertices (possible vectors of sampling times)
𝑒 Direction parameter
ℎ Step size
𝜌 Reflection parameter
𝜒 Expansion parameter
𝛾 Contraction parameter
𝜅 Shrinking parameter
𝜖 Tolerance parameter
𝑁𝑝𝑜𝑝 Size of the population (swarm)
𝑣 Velocity
𝑐1, 𝑐2 Cognitive and social acceleration coefficients
𝑟1, 𝑟2 Random variables
𝜒 Constriction coefficient
𝜙1, 𝜙2 Parameters for the constriction coefficient
ℙ Probability of invasion
𝑁𝑝𝑜𝑝 Size of the population
𝑀 Mutant
𝑅 Resident
𝑓 Fitness function
𝛽 Penalty parameter in fitness function 𝑓
𝑀eff Multiplier for mutations parameter
𝑐 Random number of mutations
𝐶𝑐 Concentration (pharmacokinetics)

Continued on next page
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Symbol Definition
𝑉 Apparent volume of distribution
𝑘𝑎 Absorption constant
𝐶𝑙 Clearance
𝐸 Effect (pharmacodynamics)
𝑅𝑖𝑛 Input rate
𝐼𝑚𝑎𝑥 Maximal inhibition
𝛾 Hill coefficient
𝐶50 Concentration to get half of the maximal effect
𝑘𝑜𝑢𝑡 Output rate
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7 Supplementary Material: Design Evaluation and Optimization in
Nonlinear Mixed-Effect Models in R: The PFIM Package

8 Algorithms for design optimization
For clarity, the pseudocode of the algorithms is specifically written for the case of a population FIM
but remains valid for individual and Bayesian FIM. The optimization constraints are not formally
included but are detailed as user input in the section dedicated to the PFIM user script.

8.1 Algorithms for design optimization in discrete space
8.1.1 Multiplicative algorithm

Multiplicative algorithms were introduced by Titterington (Titterington 1976) to compute the
weights of the D-optimal design and have since generated considerable interest, see, for example,
(Titterington 1978; Silvey, Titterington, and Torsney 1978; Pázman 1987; Fellman 1989; Pukelsheim
et al. 1991; Dette et al. 2008; Yu 2010). In particular, it has been applied to find D-optimal designs
for NLMEM (Seurat et al. 2021). Multiplicative algorithms consist of a simultaneous update of each
elementary design weight 𝑤(𝑘)

𝑞 (𝑞 = 1, … , 𝑄) at each iteration 𝑘, by multiplying them by a factor
𝑚(𝑘)

𝑞 proportional to the gradient of the design criterion evaluated at the Fisher information matrix
corresponding to the weight allocation:

𝑤(𝑘+1)
𝑞 = 𝑚(𝑘)

𝑞 𝑤(𝑘)
𝑞

𝑚(𝑘)
𝑞 = 𝑑(Ξ(𝑘)

𝑤 , 𝑤(𝑘)
𝑞 )𝜆

𝑄
∑
𝑖=1

𝑤(𝑘)
𝑖 𝑑(Ξ(𝑘)

𝑤 , 𝑤(𝑘)
𝑖 )𝜆

where 𝑑(Ξ(𝑘)
𝑤 , 𝑤(𝑘)

𝑞 ) = 𝜕Φ𝐷(Ξ(𝑘)
𝑤 )

𝜕𝑤𝑞
and 𝜆 ∈]0, 1] is a power parameter. The gradient 𝑑(Ξ(𝑘)

𝑤 , 𝑤(𝑘)
𝑞 ) can

be expressed as a function of the population FIM (Yu 2010):

𝑑(Ξ(𝑘)
𝑤 , 𝑤(𝑘)

𝑞 ) = Tr ( 1
𝑃 ∣𝑀PF(Ψ, Ξ(𝑘)

𝑤 )∣
1
𝑃

𝑀PF(Ψ, Ξ(𝑘)
𝑤 )

−1
𝑀PF(Ψ, 𝜉(𝑘)

𝑞 ))

A heuristic explanation for the multiplicative algorithm is that the Eq. eq-algo_mult_m adjusts all the
design weights so that proportionally more weight is put on the elementary design 𝜉𝑞 if the gradient
𝜕Φ𝐷(Ξ(𝑘)

𝑤 )
𝜕𝑤𝑞

is increased slightly in 𝑤𝑞. On the theoretical side, the convergence of multiplicative

algorithms has been studied by many authors, see, for example, (Dette et al. 2008; Yu 2010; Pronzato
and Pázman 2013). In Yu (2010), Yu established general conditions for the monotonic increase of
the multiplicative algorithm over a wide range of optimality criteria and proved the monotonicity of
this algorithm for all 𝜆 ∈]0, 1]. Especially in the context of D-criterion, the convergence is ensured
if 𝜆 = 1. As the D-criterion is increasing and concave, the following convergence criterion was also
proposed in Yu (2010), so that 𝑤(𝑘) at the 𝑘th iteration is considered optimal if the weights satisfy
the following inequality:

max
𝑞=1,…,𝑄

𝑑(Ξ(𝑘)
𝑤 , 𝑤(𝑘)

𝑞 ) ≤ (1 + 𝛿)
𝑄

∑
𝑞=1

𝑤(𝑘)
𝑞 𝑑(Ξ(𝑘)

𝑤 , 𝑤(𝑘)
𝑞 )
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where 𝛿 is a small positive constant, fixed at 10−4 as proposed by Yu (2010). The multiplicative
algorithm used in PFIM is described in pseudo-code in Algorithm Multiplicative algorithm.

8.1.2 Fedorov-Wynn algorithm

Wynn (1970) and Fedorov (1972) proposed an iterative algorithm for constructing a D-optimal de-
sign inspired by the Kiefer-Wolfowitz theorem (Kiefer 1974), which states that the three following
proposals are equivalent to D-optimal designs:

• Ξ𝑤 is the D-optimal design, meaning that the D-criterion Φ𝐷(Ξ𝑤) is maximal

• max
𝑞=1,…,𝑄

𝑑(Ξ𝑤, 𝜉𝑞) ≤ 𝑃
• Ξ𝑤 minimizes max

𝑞=1,…,𝑄
𝑑(Ξ𝑤, 𝜉𝑞)

The Fedorov-Wynn algorithm maximizes the D-criterion within the set of elementary designs and
has the property of converging towards the D-optimal design. This algorithm is described hereafter
(see (Walter and Pronzato 1997) for in-depth details). At iteration 𝑘 = 0, the algorithm starts with
an initial design Ξ(0) such that the population FIM 𝑀PF(Ψ, Ξ(0)

𝑤 ) is nonsingular and some positive
tolerance 𝜖 ≪ 1. At iteration 𝑘 ≥ 1, the elementary design 𝜉⋆ is determined using the current
population design Ξ(𝑘)

𝑤 :
𝜉⋆ = arg max

𝑞=1,…,𝑄
𝑑(Ξ(𝑘)

𝑤 , 𝜉𝑞)

where 𝑑(Ξ(𝑘)
𝑤 , 𝜉𝑞) is defined as 𝜕 log det 𝑀PF(Ψ,Ξ(𝑘)

𝑤 )
𝜕𝛼 taken at 𝛼 = 0 (Kiefer and Wolfowitz 1960). If

𝑑(Ξ(𝑘)
𝑤 , 𝜉𝑞) < 𝑃 +𝜖, the population design Ξ(𝑘) is considered optimal; otherwise, the population design

is updated using a convex combination of the current population design Ξ(𝑘)
𝑤 and the elementary

design 𝜉⋆:
Ξ(𝑘+1)

𝑤 = (1 − 𝛼𝑘)Ξ(𝑘)
𝑤 + 𝛼𝑘𝜉⋆

where 𝛼𝑘 ∈]0, 1[. The choice of the parameter 𝛼𝑘 is not unambiguous and several stepsizes from
literature on the feasible direction methods can be used (Fedorov 1972). In general, 𝛼𝑘 can be
chosen using any sequence satisfying the conditions:

lim
𝑘→∞

𝛼𝑘 = 0,
∞

∑
𝑘=0

𝛼𝑘 = ∞

such as the decreasing sequence 𝛼𝑘 = 1
1 + 𝑘 (Fedorov 1972). For a single-response system, the

optimum value of 𝛼𝑘 is given by (Fedorov 1972):

𝛼𝑘 = arg max
𝛼∈(0,1)

det (𝑀PF(Ψ, Ξ(𝑘+1)
𝑤 )) =

𝑑(Ξ(𝑘)
𝑤 , 𝜉⋆) − 𝑃

𝑃 (𝑑(Ξ(𝑘)
𝑤 , 𝜉⋆) − 1)

In the case of a multi-response system, the optimal value for 𝛼𝑘 is found using an iterative approach.
In PFIM this value is optimized thanks to an active set method with a projected gradient method for
the selection of the direction (Mallet 1986). Elementary designs are removed after this optimization
step if their weight is lower than a predetermined threshold fixed to 10−8. The Fedorov-Wynn algo-
rithm used in PFIM is described in pseudo-code in Algorithm Fedorov–Wynn algorithm.
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When using the Fedorov-Wynn and multiplicative algorithms, the number of FIMs required for eval-
uating an elementary design is determined by the product of the number of doses to optimize and
the combinations of sampling times, expressed as (𝑚−𝑘

𝑛−𝑘). Here, 𝑚 denotes the size of the sampling
times eligible for optimization, 𝑛 indicates the number of samplings to be optimized, and 𝑘 repre-
sents the number of fixed samplings. As the complexity of the problem increases, the number of
combinations and, consequently, the number of FIM evaluations also increases. Therefore, a large
number of iterations in the optimization process is needed to explore the solution space and achieve
optimal results.

8.2 Algorithms for design optimization in continuous space
8.2.1 The Nelder–Mead simplex algorithm

The Nelder–Mead simplex algorithm is a heuristic algorithm designed for minimizing a real-valued
function 𝑓(x) for x ∈ 𝒳 ⊂ ℝ𝒯 (Nelder and Mead 1965), where 𝒳 is defined by the constraints. In our
case, 𝑓 = 1/𝜙𝐷 and x is the vector containing all the sampling times 𝑡𝑞𝑘𝑗, where 𝑞 = 1, … , 𝑄, 𝑘 =
1, … , 𝐾 and 𝑗 = 1, … , 𝑛𝑞𝑘. A simplex is a polytope with 𝒯 dimensions that is the convex hull of
𝒯 + 1 vertices. The Nelder–Mead simplex algorithm iteratively generates a sequence of simplices to
converge towards the minimum of the function 𝑓 . Unlike some optimization techniques, it operates
solely on function evaluations and does not require either the analytical form of the objective function
or knowledge of its local gradients. The method starts by setting up 𝒯 + 1 initial vertices x𝑖,
𝑖 = 1, … , 𝒯 + 1 as the vertices of the first simplex. The vertex x𝑛+1 is generally placed at the center
of the domain 𝒳 while the remaining vertices are translated to explore steps in all directions:

x𝑖 = x𝒯+1 + ℎe𝑖, 𝑖 = 1, … , 𝒯

where e𝑗 = [𝛿𝑗1, 𝛿𝑗2, … , 𝛿𝑗𝒯]⊤ is a unit 𝑗-th direction and ℎ is a step size which is small compared
to the domain and all vertices remain in the domain 𝒳. The downhill simplex method relies on the
simplex transformation iteration which involves updating, at each iteration, the current simplex with
a new better one x𝒯+2. This iterative process converges towards a minimum of the function 𝑓 through
a series of operations: ordering, centroid, reflection, expansion, contraction, and shrinking. Each of
the operations is associated with a scalar parameter, namely 𝜌 for reflection, 𝜒 for expansion, 𝛾 for
contraction, and 𝜅 for shrinking. These parameters govern how the simplex evolves and navigates
through the domain 𝒳 in the optimization process. The nearly universal choices used in the standard
downhill simplex algorithm are:

𝜌 = 1, 𝜒 = 2, 𝛾 = 1/2, 𝜅 = 1/2

Ordering by 𝑓(x𝑖):
𝑓(x1) ≤ 𝑓(x2) ≤ … ≤ 𝑓(x𝒯+1)

Best vertex: x𝑏 = x1; worst: x𝑤 = x𝒯+1.
Centroid of the 𝒯 best vertices excluding x𝑤:

x𝑎 = 1
𝒯

𝒯
∑
𝑖=1

x𝑖

Reflection (𝜌) of x𝑤 against centroid x𝑎:

x𝑟 = x𝑎 + 𝜌(x𝑎 − x𝑤)
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Expansion (factor 𝜒):
x𝑒 = x𝑟 + 𝜒(x𝑟 − x𝑎)

Contraction (𝛾) of x𝑤 toward x𝑎:

x𝑐 = x𝑎 − 𝛾(x𝑎 − x𝑤)

Shrinkage (factor 𝜅) toward best vertex:

x𝑚 = x𝑏 − 𝜅(x𝑚 − x𝑏)

This shrunk simplex x𝑚 represents the updated simplex for the next iteration, with the expectation
that a reduced simplex will more effectively track local gradients. These operations are iterated at
each iteration until a convergence criterion 𝑟𝑡𝑜𝑙, computing the fractional range from best to worst,
is smaller than a threshold 𝑓𝑡𝑜𝑙 > 0 (Press et al. 2007):

𝑟𝑡𝑜𝑙 = 2 ∣ x𝑤 − x𝑏
|x𝑤| + |x𝑏| + 𝜖∣ < 𝑓𝑡𝑜𝑙

where 𝜖 = 1e−6 is a parameter that governs stopping if the function 𝑓 is converging to zero. The
Nelder-Mead simplex algorithm used in PFIM is described in pseudo-code in Algorithm Nelder–Mead
simplex algorithm.

8.2.2 Particle swarm optimization (PSO) algorithm

The Particle swarm optimization (PSO) algorithm is a metaheuristic optimization technique inspired
by social behaviors observed in birds, fish, and bees (Kennedy and Eberhart 1995; Shi and Eberhart
1998; Kennedy 2003). PSO begins with the initialization of a swarm of particles at random positions,
each representing a potential solution within the parameter space of the optimization problem, aiming
to minimize a real-valued function 𝑓 ∶ ℝ𝒯 ↦ ℝ. In our case, 𝑓 = 1/𝜙𝐷 and a particle is a vector
containing all the sampling times 𝑡𝑞𝑘𝑗, where 𝑞 = 1, … , 𝑄, 𝑘 = 1, … , 𝐾 and 𝑗 = 1, … , 𝑛𝑞𝑘. These
particles iteratively explore the solution space, guided by both their individual experiences and the
collective knowledge of the swarm. Movement of each particle is governed by its position 𝑥 and
velocity vectors 𝑣. As described in Kennedy and Eberhart (1995), the equations of the velocity and
position update of the swarm are functions of the swarm’s best position it has achieved so far, which
is called personal best (Pb) and the best solution throughout the swarm, which is called global best
(Gb):

v𝑖(𝑘 + 1) = 𝜒[v𝑖(𝑘) + 𝑐1𝑟1(x(𝑃𝑏)
𝑖 (𝑘) − x𝑖(𝑘))

+ 𝑐2𝑟2(x(𝐺𝑏)(𝑘) − x𝑖(𝑘))]

x𝑖(𝑘 + 1) = x𝑖(𝑘) + v𝑖(𝑘 + 1)

where at iteration 𝑘 with 𝑖 ranging from 1 to 𝑁𝑝𝑜𝑝 (the number of particles) and 𝑗 = 1, … , 𝒯:

x𝑖(𝑘) = 𝑥𝑖𝑗(𝑘) is the current position of particle 𝑖.
v𝑖(𝑘) = 𝑣𝑖𝑗(𝑘) is the velocity of particle 𝑖.

x(𝑃𝑏)
𝑖 = 𝑥(𝑃𝑏)

𝑖𝑗 (𝑘) is the personal best position of particle 𝑖.

x(𝐺𝑏) = 𝑥(𝐺𝑏)
𝑗 (𝑘) is the global best position of the swarm.
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𝑐1 and 𝑐2 are the cognitive and social acceleration coefficients, respectively.

𝑟1 and 𝑟2 are random numbers sampled from the uniform distribution 𝒰[0, 1].
𝜒 is the constriction coefficient given by:

𝜒 = 2𝜅
∣2 − 𝜙 − √𝜙(𝜙 − 4)∣

where 𝜙 = 𝜙1 + 𝜙2 with 𝜙1 = 𝑐1𝑟1 and 𝜙2 = 𝑐2𝑟2. The constriction coefficient was developed
from a formal eigenvalue analysis of swarm dynamics to ensure the convergence of the swarm (Clerc
1999). The parameter 𝜅 controls the exploration and exploitation abilities of the swarm. Under
the conditions that 𝜙 > 4 and 𝜅 ∈ [0, 1], the algorithm could guarantee convergence of the swarm
with particle velocity reduced at each time step. The PSO algorithm used in PFIM is described in
pseudo-code in Algorithm PSO algorithm.

8.2.3 Population genetic-based optimization (PGBO) algorithm

The Population genetic-based optimization (PGBO) algorithm is an evolutionary algorithm that
optimizes parameters in complex models using key evolutionary mechanisms: selection, mutations,
and drift (Fisher 1931; Orr 1998). Initially created by (Le Nagard, Chao, and Tenaillon 2011) to
successfully estimate several hundred parameters in complex neural network models, this algorithm
employs a Markov chain with transition probabilities driven by the fixation probability of a mutant
in a population (Ewens 1979; Sella and Hirsh 2005) to find an optimum phenotype of a population
minimizing a desired criterion. A mutant is a feasible solution 𝑥𝑀 , and its fitness measures how
closely its value approaches the optimal solution. In our case, a mutant is a vector containing all the
sampling times 𝑡𝑞𝑘𝑗, where 𝑞 = 1, … , 𝑄, 𝑘 = 1, … , 𝐾 and 𝑗 = 1, … , 𝑛𝑞𝑘, and its fitness 𝑓(𝑥𝑀) is the
inverse of 𝜙𝐷 for the associated design. On the other hand, 𝑥𝑅 represents the resident, corresponding
to the latest mutant selected by the algorithm. The fixation probability is defined as the probability
that a mutant replaces the resident selected by the algorithm. Depending on the comparison between
the mutant’s fitness and the resident’s fitness, the mutant either immediately replaces the resident
and becomes the new resident, or it fails to out-compete the resident and is eliminated from the
optimization process. The probability of invasion ℙ(𝑥𝑅 ⟶ 𝑥𝑀) depends on the population size
𝑁𝑝𝑜𝑝 and the difference between the fitness of the resident and the fitness of the invader:

ℙ(𝑥𝑅 ⟶ 𝑥𝑀) =
1 − ( 𝑓𝑅

𝑓𝑀
)

2

1 − ( 𝑓𝑅
𝑓𝑀

)
2𝑁𝑝𝑜𝑝

where 𝑓𝑅 = exp(−𝛽𝑥𝑅) and 𝑓𝑀 = exp(−𝛽𝑥𝑀) with 𝛽 a specific penalty parameter. The calculation of
the parameter 𝛽 is done every thousand iterations with 𝛽 = − ln(0.01)

𝑓(𝑥𝑀) where 𝑥𝑀 is the last generated
mutant. This calculation ensures that the fitness of the mutant 𝑥𝑀 equals 0.01 every thousand
iterations, maintaining a balance between selection and drift. Thus, PGBO can maintain a balance
between the efficiency of converging to the optimum and the probability of escaping from local minima.
The parameter 𝛽 can be interpreted as the inverse of the temperature in simulated annealing. A
detailed comparison between PGBO and simulated annealing can be found in (R. Bauer 2015). To
generate a new set of parameters from a resident, a translation is performed, whose displacement is
random, according to a Cauchy distribution 𝒞(𝛾) and depends on the associated multiplier coefficient
of the mutations parameter 𝑀eff. So, the new set of parameters is given by:

𝑥(𝑘)
𝑀 = 𝑥(𝑘−1)

𝑅 + 𝑐𝑀eff
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where 𝑘 is the iteration number, and 𝑐 a random number generated according to a Cauchy distribution
with a scale parameter of 𝛾 = 1.0. The Cauchy distribution allows very significant modifications of
the parameters at low frequencies and modifications of small amplitudes at high frequencies. The
PGBO algorithm used in PFIM is described in pseudo-code in Algorithm PGBO algorithm.

8.2.3.1 Algorithm: Multiplicative algorithm Input. Tolerance 𝛿 = 10−4, power parameter
𝜆 ∈]0, 1], and initial designs such that 𝑀PF(Ψ, Ξ(0)

𝑤 ) is nonsingular.

Output. Optimal weights of the elementary designs.

1. While
max

𝑞
𝑑(Ξ(𝑘)

𝑤 , 𝑤(𝑘)
𝑞 ) > (1 + 𝛿) ∑

𝑞
𝑤(𝑘)

𝑞 𝑑(Ξ(𝑘)
𝑤 , 𝑤(𝑘)

𝑞 ),

set 𝑘 ← 𝑘 + 1.
2. For each 𝑞 = 1, … , 𝑄, compute

𝑑(Ξ(𝑘)
𝑤 , 𝑤(𝑘)

𝑞 ) = Tr( 1
𝑃 ∣𝑀PF(Ψ, Ξ(𝑘)

𝑤 )∣
1/𝑃

𝑀PF(Ψ, Ξ(𝑘)
𝑤 )

−1
𝑀PF(Ψ, 𝜉(𝑘)

𝑞 )) .

3. Update the weights:

𝑤(𝑘+1)
𝑞 = 𝑤(𝑘)

𝑞
𝑑(Ξ(𝑘)

𝑤 , 𝑤(𝑘)
𝑞 )𝜆

∑𝑄
𝑖=1 𝑤(𝑘)

𝑖 𝑑(Ξ(𝑘)
𝑤 , 𝑤(𝑘)

𝑖 )𝜆 .

8.2.3.2 Algorithm: Fedorov–Wynn algorithm Input. Precision parameter 0 < 𝜖 ≪ 1 and
an initial design such that 𝑀PF(Ψ, Ξ(0)

𝑤 ) is nonsingular.

Output. Optimal population design Ξ.

1. While max𝑞=1,…,𝑄 𝑑(Ξ(𝑘)
𝑤 , 𝜉𝑞) > 𝑃 + 𝜖, set 𝑘 ← 𝑘 + 1.

2. Select the best elementary design:

𝜉⋆ = arg max
𝑞=1,…,𝑄

𝑑(Ξ(𝑘)
𝑤 , 𝜉𝑞).

3. Choose 𝛼𝑘 ∈]0, 1[ and update

Ξ(𝑘+1)
𝑤 = (1 − 𝛼𝑘)Ξ(𝑘)

𝑤 + 𝛼𝑘𝜉⋆.

8.2.3.3 Algorithm: Nelder–Mead simplex algorithm Input. Objective function 𝑓(x), with
x ∈ ℝ𝒯.

Output. Best simplex minimizing 𝑓(x).
1. Order the vertices so that 𝑓(x1) ≤ 𝑓(x2) ≤ ⋯ ≤ 𝑓(x𝒯+1).
2. Identify the worst vertex x𝑤, the second worst vertex x𝑙, and the best vertex x𝑏.
3. Compute the centroid

x𝑎 = 1
𝒯

𝒯
∑
𝑖=1

x𝑖.

4. Stop if rtol < 𝑓tol.
5. Otherwise, apply reflection, expansion, contraction, or shrinkage using the formulas described

above, and iterate until convergence.
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8.2.3.4 Algorithm: Particle swarm optimization algorithm Input. Objective function
𝑓(x), maximum number of iterations 𝑛𝑖𝑡𝑒𝑟, population size 𝑁𝑝𝑜𝑝, and coefficients 𝑐1, 𝑐2.

Output. Global best vector x(𝐺𝑏) minimizing 𝑓(x).
1. Initialize particle positions x𝑖(0) uniformly on the design domain and set velocities v𝑖(0) = 0.
2. Set the personal best positions x(𝑃𝑏)

𝑖 (0) and the global best position x(𝐺𝑏)(0).
3. For 𝑘 = 1, … , 𝑛𝑖𝑡𝑒𝑟 and each particle 𝑖, update

v𝑖(𝑘) = 𝜒 [v𝑖(𝑘 − 1) + 𝜙1{x(𝑃𝑏)
𝑖 (𝑘 − 1) − x𝑖(𝑘 − 1)} + 𝜙2{x(𝐺𝑏)(𝑘 − 1) − x𝑖(𝑘 − 1)}] ,

x𝑖(𝑘) = x𝑖(𝑘 − 1) + v𝑖(𝑘).
4. Apply the design limits, update personal bests, and then update the global best.

8.2.3.5 Algorithm: Population genetic-based optimization algorithm Input. Objective
function 𝑓(x), maximum number of iterations 𝑛𝑖𝑡𝑒𝑟, population size 𝑁𝑝𝑜𝑝, and mutation parameter
𝑀eff.

Output. Vector x minimizing 𝑓(x).

1. Initialize resident parameters x(0)
𝑅 = x and compute

𝛽 = − ln(0.01)
𝑓(x(0)

𝑅 )
.

2. At each iteration, generate the mutant

x(𝑘)
𝑀 = x(𝑘−1)

𝑅 + 𝑐𝑀eff, 𝑐 ∼ 𝒞(1).

3. Compute the selective value and, every 1000 iterations, update 𝛽.
4. Compute the probability of invasion

ℙ(x(𝑘)
𝑅 → x(𝑘)

𝑀 ) =

⎧{{
⎨{{⎩

1/𝑁𝑝𝑜𝑝, 𝑓 (𝑘)
𝑅 = 𝑓 (𝑘)

𝑀 ,

1 − (𝑓 (𝑘)
𝑅 /𝑓 (𝑘)

𝑀 )
2

1 − (𝑓 (𝑘)
𝑅 /𝑓 (𝑘)

𝑀 )
2𝑁𝑝𝑜𝑝

, 𝑓 (𝑘)
𝑅 ≠ 𝑓 (𝑘)

𝑀 .

5. Draw 𝛼 ∼ 𝒰[0, 1]. If 𝛼 is smaller than the probability of invasion, replace the resident by the
mutant; otherwise keep the resident.

9 Methods for obtaining and presenting the results of design eval-
uation and optimization

9.1 Get and plot the output of a design evaluation
The methods used to get and plot the output of a design evaluation, which is an object object of class
Evaluation, are presented below. The argument plotOptions is a list containing the plot options.
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# Show the results of the design evaluation
> show( object )

# Get the Fisher and correlation matrices
> fisherMatrix = getFisherMatrix( object )
> correlationMatrix = getCorrelationMatrix( object )

# Get the SE and RSE of the estimated parameters
> SE = getSE( object )
> RSE = getRSE( object )

# Get the shrinkage parameter of the Fisher information matrix
> shrinkage = getShrinkage( object )

# Get the determinant and the D-criterion of the FIM
> determinant = getDeterminant( object )
> DCriterion = getDcriterion( object )

# Display the graphs of the model evaluation, the sensitivity indices, SE and RSE
> plotEvaluation = plot( object, plotOptions,
+ which = c("evaluation","sensitivityIndices","SE","RSE" ) )
> print( plotEvaluation$evaluation)
> print( plotEvaluation$sensitivityIndices)
> print( plotEvaluation$SE)
> print( plotEvaluation$RSE)

9.2 Get and plot the output of a design optimization
The methods used to get and plot the output of a design optimization, which is an object object
of class Optimization, are presented below. The argument plotOptions is a list containing the plot
options.

# Show the results of the design optimization
> show( object )

# Get the Fisher and correlation matrices
> fisherMatrix = getFisherMatrix( object )
> correlationMatrix = getCorrelationMatrix( object )

# Get the SE and RSE of the estimated parameters
> SE = getSE( object )
> RSE = getRSE( object )

# Get the shrinkage parameter of the Fisher information matrix
> shrinkage = getShrinkage( object )

# Get the determinant and the D-criterion of the Fisher information matrix
> determinant = getDeterminant( object )
> DCriterion = getDcriterion( object )

# Get and plot the outputs of the evaluation of the initial design
> optimisationDesign = prop( object,"optimisationDesign")
> evaluationInitialDesign = optimisationDesign$evaluationInitialDesign
> plotEvaluation = plot( evaluationInitialDesign, plotOptions,
+ which = c("evaluation","sensitivityIndices","SE","RSE" ) )
> print( plotEvaluation$evaluation)
> print( plotEvaluation$sensitivityIndices)
> print( plotEvaluation$SE)
> print( plotEvaluation$RSE)

# Get and plot the outputs of the evaluation of the optimal design

> plotEvaluation = plot( object, plotOptions,
+ which = c("evaluation","sensitivityIndices","SE","RSE" ) )
> print( plotEvaluation$evaluation)
> print( plotEvaluation$sensitivityIndices)
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> print( plotEvaluation$SE)
> print( plotEvaluation$RSE)

10 Design evaluation and optimization in discrete space
10.1 Design evaluation
This case study originates from a population pharmacokinetic-pharmacodynamic (PKPD) investiga-
tion involving the tolmetin, a non-steroidal anti-inflammatory drug (NSAID), in rats (Flores-Murrieta
et al. 1998). The experimental design involved the administration of a single dose per os per rat in
a parallel design of six arms with different doses across arms (1, 3.2, 10, 31.6, 56.2, and 100 mg/kg).
Each arm comprised a minimum of 6 rats with an average weight of 200 g. Blood samples and drug
responses were systematically collected at specific times: 0, 15, 30, and 45 min, and 1, 1.25, 1.5,
2, 3, and 7 h after administration. The PKPD model has two responses: a pharmacokinetic model
with 1-compartment, first-order absorption and linear elimination, and a pharmacodynamic turnover
model with sigmoidal 𝐼𝑚𝑎𝑥:

𝑑𝐶𝑐
𝑑𝑡 = 𝐷

𝑉 𝑘𝑎 exp(−𝑘𝑎𝑡) − 𝐶𝑙
𝑉 𝐶𝑐

𝑑𝐸
𝑑𝑡 = 𝑅𝑖𝑛(1 − 𝐼max𝐶𝛾

𝑐
𝐶𝛾

𝑐 + 𝐶𝛾
50

) − 𝑘𝑜𝑢𝑡𝐸

𝐶𝑐(0) = 0
𝐸(0) = 100

where 𝐶𝑐 stands for concentration, 𝐸 stands for effect, 𝑘𝑎 is the absorption rate constant, 𝑉 is
the apparent volume of distribution, 𝐶𝑙 is the apparent clearance, 𝑅𝑖𝑛 is the synthesis rate, 𝑘𝑜𝑢𝑡
is the elimination rate constant, 𝐼𝑚𝑎𝑥 is the maximal inhibition, 𝛾 is the Hill coefficient, and 𝐼𝐶50
is the concentration to elicit half of the maximal response. In the example, the mean value of the
distribution of parameters 𝑘𝑎 and 𝑅𝑖𝑛 is not estimated, and we assume an exponential random effect
model for all the parameters. The values of fixed and random effects are given in Table 3, and the
parameters of the error models are given in Table 4.

Table 4: Parameters of the PKPD model and their distributions. 𝜇: fixed effects; 𝜔: standard deviation of
random effects.

Parameter Distribution 𝜇 𝜔 𝜇 fixed 𝜔 fixed
𝑉 Lognormal 0.74 0.316 No No
𝐶𝑙 Lognormal 0.28 0.456 No No
𝑘𝑎 Lognormal 10 0 Yes Yes
𝑘𝑜𝑢𝑡 Lognormal 6.14 0.947 No No
𝑅𝑖𝑛 Lognormal 614 0 Yes Yes
𝐼max Lognormal 0.76 0.439 No No
𝐼𝐶50 Lognormal 9.22 0.452 No No
𝛾 Lognormal 2.77 1.761 No No
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Table 5: Parameters of the error model for each response. 𝜎inter: additive error parameter; 𝜎slope: proportional
error parameter.

Response Model error 𝜎inter 𝜎slope

PK Combined residual error 0.0 0.21
PD Constant residual error 9.6 –

10.1.1 Defining the equations and the outcomes of a user-defined model

In a user-defined model, the system is specified through a list of character strings representing the
model equations. In this framework, a pharmacokinetic–pharmacodynamic (PKPD) model is defined
as a system of ordinary differential equations (ODEs), where each equation is provided as a named
string. The following conventions must be respected when defining the model equations:

• Each equation name must start with the prefix Deriv_, indicating that the string corresponds
to the right-hand side of an ODE.

• The suffix of the name must exactly match the associated state variable (e.g., Cc or E).

• Mathematical expressions must follow standard R syntax. In particular, exponentiation should
be written using **.

> modelEquations = list(
+ "Deriv_Cc" = "dose_RespPK/V*ka*exp(-ka*t)-Cl/V*Cc",
+ "Deriv_E" = "Rin*(1-Imax*(Cc**gamma)/(Cc**gamma+IC50**gamma))-kout*E" )

In the ODE model context, model outcomes are represented as a list associating specific outputs
with each model response. In this example, the response RespPK corresponds to the variable 𝐶𝑐,
while RespPD corresponds to the variable 𝐸. The syntax for defining ordinary differential equations
includes Deriv_ followed by the variable name for which the derivative is specified. Similarly, defining
the dose involves the string dose_ followed by the response name for which the dose is specified.

10.1.2 Defining the model parameters

To illustrate, let’s consider the creation of a model parameter representing the volume 𝑉 . This
parameter is defined by an object of the ModelParameter class:

> ModelParameter( name = "V",
+ distribution = LogNormal( mu = 0.74, omega = 0.316 ),
+ fixedMu = FALSE, fixedOmega = FALSE )

where its attributes are as follows:

• name: A character string specifying the name of the model parameter as defined in equations.

• distribution: An object from the class Distributions specifying the distribution of the model
parameter among the population. The attributes mu and omega are doubles and define the mean
parameter and standard deviation of the random effects, respectively. The classes Normal and
LogNormal inherit from the Distributions class and are used to define the normal and lognormal
distributions of the model parameter.

• fixedMu, fixedOmega: Optional boolean flags are provided to specify whether the mean or the
standard deviation is being fixed, where FALSE indicates estimation, while TRUE signifies no
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estimation. By default, both flags are set to FALSE, implying that mu and omega are estimated.
Setting 𝜔=0 is equivalent to fixing the parameter (fixedOmega = TRUE).

The attribute modelParameters is defined as a list of ModelParameter objects corresponding to the
model parameters 𝑉 , 𝐶𝑙, 𝑘𝑎, 𝑘𝑜𝑢𝑡, 𝑅𝑖𝑛, 𝐼max, 𝐼𝐶50, and 𝛾:

> modelParameters = list(

ModelParameter( name = "V",
distribution = LogNormal( mu = 0.74, omega = 0.316 ) ),

ModelParameter( name = "Cl",
distribution = LogNormal( mu = 0.28, omega = 0.456 ) ),

ModelParameter( name = "ka",
distribution = LogNormal( mu = 10, omega = 0 ),
fixedMu = TRUE ),

ModelParameter( name = "kout",
distribution = LogNormal( mu = 6.14, omega = 0.947 ) ),

ModelParameter( name = "Rin",
distribution = LogNormal( mu = 614, omega = 0 ),
fixedMu = TRUE ),

ModelParameter( name = "Imax",
distribution = LogNormal( mu = 0.76, omega = 0.439 ) ),

ModelParameter( name = "IC50",
distribution = LogNormal( mu = 9.22, omega = 0.452 ) ),

ModelParameter( name = "gamma",
distribution = LogNormal( mu = 2.77, omega = 1.761 ) ) )

10.1.3 Defining the error model

The error models for the PK and PD responses are instantiated using objects from the Combined1
and Constant classes, respectively errorModelRespPK and errorModelRespPD objects (note that in the
examples the PK error model is equivalent to a proportional model):

> errorModelRespPK = Combined1( output = "RespPK", sigmaInter = 0, sigmaSlope = 0.21 )
> errorModelRespPD = Constant( output = "RespPD", sigmaInter = 9.6 )

The attributes of an object of class ModelError are defined as follows:

• outcome: A character string specifying the model response to which the error model is associ-
ated.

• sigmaInter: A numeric representing the additive part 𝜎inter of the residual error for the output.
In a proportional model, sigmaInter is optional and defaults to 0.

• sigmaSlope: A numeric representing the proportional part 𝜎slope of the residual error for the
output. In an additive model, sigmaSlope is optional and defaults to 0.

In this example, errorModelRespPK could also be written:

> errorModelRespPK = Proportional( outcome = "RespPK", sigmaSlope = 0.21 )

The modelError attribute is defined as a list containing the model error objects errorModelRespPK and
errorModelRespPD:
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> modelError = list( errorModelRespPK, errorModelRespPD )

10.1.4 Defining a design

Defining a design involves specifying its arm structure, as well as sampling times, and administrations
for each arm. Below, we provide examples detailing the definition of administrations, sampling times,
and arms, focusing on the administration of the initial dose. The administration of the arm is defined
using an object of the Administration class:

> administrationRespPK1 = Administration( outcome = "RespPK", timeDose = c(0),
dose = c( 0.2 ) )

where its attributes are defined by:

• outcome: A character string specifying the name of the PK response.

• timeDose: A vector of doubles specifying the time doses.

• dose: A vector of doubles specifying the dose values.

The sampling times for the PK and PD responses are defined by objects of the SamplingTimes class:

> samplingTimesRespPK = SamplingTimes( outcome = "RespPK",
samplings = c( 0.25, 0.5, 0.75, 1, 1.25, 1.5, 2, 3, 4 ) )

> samplingTimesRespPD = SamplingTimes( outcome = "RespPD",
samplings = c( 0.25, 0.5, 0.75, 1, 1.25, 1.5, 2, 3, 4 ) )

where its attributes are defined by:

• outcome: A character string specifying the name of the model response.

• samplings: A vector of doubles specifying the sampling times.

The arm is defined by an object of the Arm class:

> arm1 = Arm( name = "0.2mg Arm", size = 6,
administrations = list( administrationRespPK1 ) ,
samplingTimes = list( samplingTimesRespPK, samplingTimesRespPD ),
initialCondition = list( "Cc" = 0, "E" = 100 ) )

where its attributes are defined by:

• name: A character string specifying the name of the arm.

• size: A numeric denoting the number of individuals in the arm.

• administrations: A list of objects of class Administration specifying the administrations for
the PK response.

• samplingTimes: A list of objects of class SamplingTimes specifying the sampling times for the
responses.

• initialCondition: A list specifying the initial conditions (Eqs. eq-caseStudy1_model_ci_equ_pk
and eq-caseStudy1_model_ci_equ_pd) for the ODE model.

The same definition applies to the other arms:
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> arm2 = Arm( name = "0.64mg Arm", size = 6,
administrations = list( administrationRespPK2 ) ,
samplingTimes = list( samplingTimesRespPK, samplingTimesRespPD ),
initialCondition = list( "Cc" = 0, "E" = 100 ) )

> arm3 = Arm( name = "2mg Arm", size = 6,
administrations = list( administrationRespPK3 ) ,
samplingTimes = list( samplingTimesRespPK, samplingTimesRespPD ),
initialCondition = list( "Cc" = 0, "E" = 100 ) )

> arm4 = Arm( name = "6.32mg Arm", size = 6,
administrations = list( administrationRespPK4 ) ,
samplingTimes = list( samplingTimesRespPK, samplingTimesRespPD ),
initialCondition = list( "Cc" = 0, "E" = 100 ) )

> arm5 = Arm( name = "11.24mg Arm", size = 6,
administrations = list( administrationRespPK5 ) ,
samplingTimes = list( samplingTimesRespPK, samplingTimesRespPD ),
initialCondition = list( "Cc" = 0, "E" = 100 ) )

> arm6 = Arm( name = "20mg Arm", size = 6,
administrations = list( administrationRespPK6 ) ,
samplingTimes = list( samplingTimesRespPK, samplingTimesRespPD ),
initialCondition = list( "Cc" = 0, "E" = 100 ) )

The design is defined by an object of Design class:

> design1 = Design( name = "design1",
arms = list( arm1, arm2, arm3, arm4, arm5, arm6 ) )

where its attributes are defined by name: a character string specifying the name of the design, and
arms: a list containing objects of class Arm that define the arms in the design.

10.1.5 Defining the FIM

The fimType attribute specifies the type of FIM for design evaluation, with options including ”popu-
lation”, ”individual”, or ”Bayesian”. Upon defining the fimType attribute, an object of the Fim class
is created to define the specific FIM. There are three classes that inherit from the Fim class, each
designated for a different type of FIM: PopulationFim for the population FIM, IndividualFim for the
individual FIM, and BayesianFim for the Bayesian FIM. The choice of a population FIM is settled as
follows:

fimType = "population"

10.1.6 Run design evaluation

The attributes modelEquations, modelParameters, modelError, outputs, designs, and fimType have
been explicitly defined. The final steps involve defining the attributes name, outputs and odeSolver-
Parameters:

> evaluationFIM = Evaluation( name = "study1_evaluation_design",
modelEquations = modelEquations,
modelParameters = modelParameters,
modelError = modelError,
outputs = list( "RespPK" = "Cc", "RespPD" = "E" ),
designs = list( design1 ),
fimType = "population",
odeSolverParameters = list( atol = 1e-8, rtol = 1e-8 ) )
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After setting the attributes of the object evaluationFIM, the design evaluation can be executed using
the run method:

> evaluationFIM = run( evaluationFIM )

The outputs of the evaluation are displayed with:

> show( evaluationFIM )
***************************************
Population Fisher Matrix

***************************************

μ_V μ_Cl μ_kout μ_Imax μ_IC50 μ_gamma ω²_V ω²_Cl
μ_V 583.89694102 9.19036099 -0.02315464 -3.35612090 0.32079096 -0.24507445 0.000000e+00 0.000000e+00
μ_Cl 9.19036099 2110.23408215 -0.01715815 -0.03198433 0.52533166 0.35319017 0.000000e+00 0.000000e+00
μ_kout -0.02315464 -0.01715815 1.04306085 0.63336569 -0.03141002 -0.04209541 0.000000e+00 0.000000e+00
μ_Imax -3.35612090 -0.03198433 0.63336569 60.63827631 -2.70317529 1.54206818 0.000000e+00 0.000000e+00
μ_IC50 0.32079096 0.52533166 -0.03141002 -2.70317529 0.65184243 0.07044445 0.000000e+00 0.000000e+00
μ_gamma -0.24507445 0.35319017 -0.04209541 1.54206818 0.07044445 0.74226627 0.000000e+00 0.000000e+00
ω²_V 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 1.419936e+03 5.071130e-02
ω²_Cl 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 5.071130e-02 3.801555e+02
ω²_kout 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 5.312959e-04 9.340249e-05
ω²_Imax 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 1.741930e-01 3.376237e-03
ω²_IC50 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 4.767726e-01 1.153787e-01
ω²_gamma 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 1.121281e-02 2.156350e-03
σ_slope_RespPK 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 1.694963e+02 3.442924e+01
σ_inter_RespPD 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 2.248402e-02 4.590882e-03

ω²_kout ω²_Imax ω²_IC50 ω²_gamma σ_slope_RespPK σ_inter_RespPD
μ_V 0.000000e+00 0.000000000 0.0000000 0.00000000 0.000000e+00 0.000000000
μ_Cl 0.000000e+00 0.000000000 0.0000000 0.00000000 0.000000e+00 0.000000000
μ_kout 0.000000e+00 0.000000000 0.0000000 0.00000000 0.000000e+00 0.000000000
μ_Imax 0.000000e+00 0.000000000 0.0000000 0.00000000 0.000000e+00 0.000000000
μ_IC50 0.000000e+00 0.000000000 0.0000000 0.00000000 0.000000e+00 0.000000000
μ_gamma 0.000000e+00 0.000000000 0.0000000 0.00000000 0.000000e+00 0.000000000
ω²_V 5.312959e-04 0.174193007 0.4767726 0.01121281 1.694963e+02 0.022484025
ω²_Cl 9.340249e-05 0.003376237 0.1153787 0.00215635 3.442924e+01 0.004590882
ω²_kout 2.149292e+01 0.386744465 0.1693550 0.01150713 8.462700e-03 0.050138553
ω²_Imax 3.867445e-01 41.669312017 16.1932689 0.55767351 1.413532e+00 0.818888973
ω²_IC50 1.693550e-01 16.193268935 83.8259799 0.15388072 8.155428e+00 1.229640291
ω²_gamma 1.150713e-02 0.557673507 0.1538807 0.69850714 1.549203e-01 0.107175844
σ_slope_RespPK 8.462700e-03 1.413531724 8.1554276 0.15492032 1.146177e+04 0.328767259
σ_inter_RespPD 5.013855e-02 0.818888973 1.2296403 0.10717584 3.287673e-01 5.297969806

***************************************
Fixed effects

***************************************

μ_V μ_Cl μ_kout μ_Imax μ_IC50 μ_gamma
μ_V 583.89694102 9.19036099 -0.02315464 -3.35612090 0.32079096 -0.24507445
μ_Cl 9.19036099 2110.23408215 -0.01715815 -0.03198433 0.52533166 0.35319017
μ_kout -0.02315464 -0.01715815 1.04306085 0.63336569 -0.03141002 -0.04209541
μ_Imax -3.35612090 -0.03198433 0.63336569 60.63827631 -2.70317529 1.54206818
μ_IC50 0.32079096 0.52533166 -0.03141002 -2.70317529 0.65184243 0.07044445
μ_gamma -0.24507445 0.35319017 -0.04209541 1.54206818 0.07044445 0.74226627

***************************************
Variance components

***************************************

ω²_V ω²_Cl ω²_kout ω²_Imax ω²_IC50 ω²_gamma σ_slope_RespPK σ_inter_RespPD
ω²_V 1.419936e+03 5.071130e-02 5.312959e-04 0.174193007 0.4767726 0.01121281 1.694963e+02 0.022484025
ω²_Cl 5.071130e-02 3.801555e+02 9.340249e-05 0.003376237 0.1153787 0.00215635 3.442924e+01 0.004590882
ω²_kout 5.312959e-04 9.340249e-05 2.149292e+01 0.386744465 0.1693550 0.01150713 8.462700e-03 0.050138553
ω²_Imax 1.741930e-01 3.376237e-03 3.867445e-01 41.669312017 16.1932689 0.55767351 1.413532e+00 0.818888973
ω²_IC50 4.767726e-01 1.153787e-01 1.693550e-01 16.193268935 83.8259799 0.15388072 8.155428e+00 1.229640291
ω²_gamma 1.121281e-02 2.156350e-03 1.150713e-02 0.557673507 0.1538807 0.69850714 1.549203e-01 0.107175844
σ_slope_RespPK 1.694963e+02 3.442924e+01 8.462700e-03 1.413531724 8.1554276 0.15492032 1.146177e+04 0.328767259
σ_inter_RespPD 2.248402e-02 4.590882e-03 5.013855e-02 0.818888973 1.2296403 0.10717584 3.287673e-01 5.297969806
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*********************************************
Determinant, condition numbers and D-criterion

***********************************************

Determinant: 4.24689711411024e+22
D-criterion: 41.332420450232
Condition number of the fixed effects: 4677.28366293334
Condition number of the random effects: 16644.2310751313

***************************************
Parameters estimation

***************************************

parametersValues SE RSE
μ_V 0.740000 0.041396101 5.594068
μ_Cl 0.280000 0.021772569 7.775917
μ_kout 6.140000 0.984617978 16.036123
μ_Imax 0.760000 0.149908136 19.724755
μ_IC50 9.220000 1.409222187 15.284406
μ_gamma 2.770000 1.227830929 44.326026
ω²_V 0.099856 0.026561314 26.599617
ω²_Cl 0.207936 0.051295421 24.668851
ω²_kout 0.896809 0.215721035 24.054290
ω²_Imax 0.192721 0.162032545 84.076227
ω²_IC50 0.204304 0.113693973 55.649411
ω²_gamma 3.101121 1.204551613 38.842458
σ_slope_RespPK 0.210000 0.009350449 4.452595
σ_inter_RespPD 9.600000 0.436125367 4.542973

The code snippet demonstrates how to generate the graphical outputs of the evaluation of the
design design1 for the arm "20mg Arm" across the responses, "RespPK" and "RespPD" (Fig. 9), the
sensitivity function 𝜕𝐶𝑐

𝜕𝐶𝑙
for the arm "20mg Arm" concerning the PK response (Fig. 10), and the

expected standard error (SE) and relative standard error (RSE) of estimated parameters (Fig. 13).
Finally, we show how to generate the HTML report. These show outputs, graphs and reports are
included in the supplementary archive vignette_1.7z in the folder vignette_1/Evaluation, accessible
via https://doi.org/10.5281/zenodo.18543693.

> plotOptions = list(unitTime = c("hour"),
unitOutcomes = c("mcg/mL","DI\%"))

> plotEvaluation = plot(evaluationFIM, plotOptions,
+ which = c("evaluation", "sensitivityIndices", "SE", "RSE"))
> print(plotEvaluation$evaluation[["design1"]][["0.2mg Arm"]][["RespPK"]])
> print(plotEvaluation$evaluation[["design1"]][["0.2mg Arm"]][["RespPD"]])
> print(plotEvaluation$sensitivityIndices[["design1"]][["0.2mg Arm"]][["RespPK"]][["Cl"]])
> print(plotEvaluation$SE)
> print(plotEvaluation$RSE)

> outputPath = "..." # define the output path here
> outputFile = "Example01_EvaluationPopFIM.html"
> Report( evaluationFIM, outputPath, outputFile, plotOptions )

10.2 Design optimization in discrete space
After evaluating the design, our focus shifted to optimizing a design for 30 rats. The optimization
process involves determining the four optimal sampling times for each response, and the number of
subjects between defined arm doses using the multiplicative algorithm, as described in Section 11.1.1.
To guide the optimization, we impose constraints consisting of 7 allowed sampling times for the
response PK and 8 allowed sampling times for the PD. In each elementary design, 2 different sampling
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Figure 5: Pharmacokinetics response evaluated with the model for the 20mg Arm.
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Figure 6: Pharmacodynamics response evaluated with the model for the 20mg Arm.
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Figure 8: Standard error (SE) of the model parameters predicted from the population Fisher information
matrix.
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Figure 9: Relative standard error (RSE %) of the model parameters predicted from the population Fisher
information matrix.

times are fixed for the PK and for the PD and 2 other sampling times are therefore optimized.
The multiplicative algorithm is used for this purpose. The Fedorov-Wynn algorithm, described in
Section 11.1.2, can also be used with the same constraints, and details for running it are provided in
the Supplementary Material 13.3.

10.2.1 Defining the sampling time constraints

Sampling time constraints are defined via a SamplingTimeConstraints object:

> samplingConstraintsRespPK = SamplingTimeConstraints( outcome = "RespPK",
+ initialSamplings = c( 0.25, 0.75, 1, 1.5, 2, 4, 6 ),
+ fixedTimes = c( 0.25, 4 ), numberOfsamplingsOptimisable = 4 )

> samplingConstraintsRespPD = SamplingTimeConstraints( outcome = "RespPD",
+ initialSamplings = c( 0.25, 0.75, 1.5, 2, 3, 6, 8, 12 ),
+ fixedTimes = c( 2, 6 ), numberOfsamplingsOptimisable = 4 )

where its attributes are defined by:

• outcome: A character string defining the name of the model response.

• initialSamplings: Allowed sampling times for the model responses.

• fixedTimes: Fixed sampling values within initialSamplings.

• numberOfsamplingsOptimisable: Number of samplings available for optimization (including fixed
ones).
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10.2.2 Defining the administration constraints

The administration constraints are defined by an AdministrationConstraints object:

> administrationConstraintsRespK = AdministrationConstraints(
+ outcome = "RespPK", doses = c( 0.2, 0.64, 2, 6.32, 11.24, 20 ) )

where its attributes are defined by:

• outcome: A character string defining the name of the PK response.

• doses: A vector of doubles defining the dose values for administration.

10.2.3 Defining the parameters of the optimization algorithm

The optimization algorithm parameters are defined by optimizerParameters:

> optimizerParameters = list( elementaryProtocols = initialElementaryProtocols,
+ numberOfSubjects = c( 30 ), proportionsOfSubjects = c( 30 ) / 30,
+ showProcess = TRUE )

where its elements are defined by:

• initialElementaryProtocols: Initial sampling times for design optimization.

• numberOfSubjects: Total number of subjects in the design.

• proportionsOfSubjects: Proportion of subjects involved in the design.

• showProcess: Boolean flag to display the optimization process.

The initial sampling times for PK and PD are derived from elementaryProtocols:

> initialElementaryProtocols = list( c( 0.25, 0.75, 1, 4 ), c( 1.5, 2, 6, 12 ) )

10.2.4 Defining the design with its constraints

Initial sampling times for PK and PD are set via initialElementaryProtocols:

> samplingTimesRespPK = SamplingTimes( outcome = "RespPK",
+ samplings = c( 0.25, 0.75, 1, 4 ) )

> samplingTimesRespPD = SamplingTimes( outcome = "RespPD",
+ samplings = c( 1.5, 2, 6, 12 ) )

The initial administration for the PK response is defined with the object administrationRespPK:

> administrationRespPK = Administration( outcome = "RespPK", timeDose = c(0),
+ dose = c( 6.32 ) )

The administrations, administrationConstraints, samplingTimes and samplingTimesConstraints at-
tributes are integrated into an Arm object which defines an arm of the design to be optimized:

> armConstraint = Arm( name = "armConstraint",
+ size = 30,
+ administrations = list( administrationRespPK ),
+ samplingTimes = list( samplingTimesRespPK, samplingTimesRespPD ),
+ administrationsConstraints = list( administrationConstraintsRespK ),
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+ samplingTimesConstraints = list( samplingConstraintsRespPK,
+ samplingConstraintsRespPD )

The design is determined in the same way as the evaluation process. The multiplicative algorithm
necessitates the specification of the maximal number of arms for design optimization, through the
arguments numberOfArms:

> designConstraint = Design( name = "designConstraint",
+ arms = list( armConstraint ), numberOfArms = 30 )

10.2.5 Design optimization with the multiplicative algorithm

The multiplicative algorithm is selected with:

optimizer = "MultiplicativeAlgorithm"

The optimization algorithm parameters are encapsulated in the attributes optimizerParameters:

optimizerParameters = list( lambda = 0.99, numberOfIterations = 1000,
+ delta = 1e-04, showProcess = TRUE )

where its attributes are defined by:

• lambda: A numeric specifying the parameter 𝜆 (see Eq. eq-algo_mult_m).

• numberOfIterations: A numeric specifying the number of iterations.

• weightThreshold: A numeric specifying the minimal value of the weight.

• delta: A numeric specifying the parameter 𝛿 (see Eq. eq-algo_mult_maxd).

To optimize the design using the multiplicative algorithm, the Optimization attributes are defined as
follows:

> optimizationMultPopFIM = Optimization(
+ name = "PKPD_ODE_multi_doses_populationFIM",
+ modelEquations = modelEquations,
+ modelParameters = modelParameters,
+ modelError = modelError,
+ optimizer = "MultiplicativeAlgorithm",
+ optimizerParameters = list(
+ lambda = 0.99,
+ numberOfIterations = 1000,
+ weightThreshold = 0.01,
+ delta = 1e-04, showProcess = TRUE ),
+ designs = list( designConstraint ),
+ fimType = "population",
+ outputs = list( "RespPK" = "Cc","RespPD" = "E" ),
+ odeSolverParameters = list( atol = 1e-8, rtol = 1e-8 ) )

Similar to the evaluation process, the optimization process is initiated using the method run, resulting
in an instance of the Optimization class:

> optimizationMultPopFIM = run( optimizationMultPopFIM )
> show( optimizationMultPopFIM )
=====================================
Optimal design

=====================================
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Arms name Number of subjects Outcome Dose Sampling times
1 Arm667 0.64 RespPK 11.24 (0.25, 1, 4, 6)
2 Arm667 0.64 RespPD . (0.75, 2, 3, 6)
3 Arm837 0.88 RespPK 20 (0.25, 1, 4, 6)
4 Arm837 0.88 RespPD . (0.75, 2, 6, 12)
5 Arm817 1.77 RespPK 20 (0.25, 1, 4, 6)
6 Arm817 1.77 RespPD . (0.75, 2, 3, 6)
7 Arm664 5.82 RespPK 11.24 (0.25, 0.75, 4, 6)
8 Arm664 5.82 RespPD . (0.75, 2, 3, 6)
9 Arm834 7.18 RespPK 20 (0.25, 0.75, 4, 6)
10 Arm834 7.18 RespPD . (0.75, 2, 6, 12)
11 Arm814 13.71 RespPK 20 (0.25, 0.75, 4, 6)
12 Arm814 13.71 RespPD . (0.75, 2, 3, 6)

***************************************
Population Fisher Matrix

***************************************

μ_V μ_Cl μ_kout μ_Imax μ_IC50 μ_gamma ω²_V ω²_Cl ω²_kout
μ_V 441.94766215 -5.733100e+01 -0.01236585 -6.688188 1.17545168 -0.403675305 0.000000e+00 0.000000e+00

0.000000e+00↪
μ_Cl -57.33099676 1.757901e+03 -0.04910061 -4.563042 1.58876877 0.005979464 0.000000e+00 0.000000e+00

0.000000e+00↪
μ_kout -0.01236585 -4.910061e-02 0.87055103 0.767240 -0.03072718 -0.047741108 0.000000e+00 0.000000e+00

0.000000e+00↪
μ_Imax -6.68818843 -4.563042e+00 0.76723997 149.841076 -3.27482827 4.643952232 0.000000e+00 0.000000e+00

0.000000e+00↪
μ_IC50 1.17545168 1.588769e+00 -0.03072718 -3.274828 1.05291300 -0.026930370 0.000000e+00 0.000000e+00

0.000000e+00↪
μ_gamma -0.40367531 5.979464e-03 -0.04774111 4.643952 -0.02693037 0.945572176 0.000000e+00 0.000000e+00

0.000000e+00↪
ω²_V 0.00000000 0.000000e+00 0.00000000 0.000000 0.00000000 0.000000000 9.761645e+02 2.352061e+00

6.426557e-05↪
ω²_Cl 0.00000000 0.000000e+00 0.00000000 0.000000 0.00000000 0.000000000 2.352061e+00 3.165700e+02

1.333508e-04↪
ω²_kout 0.00000000 0.000000e+00 0.00000000 0.000000 0.00000000 0.000000000 6.426557e-05 1.333508e-04

1.795348e+01↪
ω²_Imax 0.00000000 0.000000e+00 0.00000000 0.000000 0.00000000 0.000000000 3.596293e-01 2.662137e-02

2.761295e-01↪
ω²_IC50 0.00000000 0.000000e+00 0.00000000 0.000000 0.00000000 0.000000000 1.142268e+00 2.889322e-01

5.581461e-02↪
ω²_gamma 0.00000000 0.000000e+00 0.00000000 0.000000 0.00000000 0.000000000 1.190714e-02 1.551839e-04

1.411757e-02↪
σ_slope_RespPK 0.00000000 0.000000e+00 0.00000000 0.000000 0.00000000 0.000000000 2.154440e+02 2.626014e+01

7.505416e-03↪
σ_inter_RespPD 0.00000000 0.000000e+00 0.00000000 0.000000 0.00000000 0.000000000 1.646562e-02 5.516857e-03

4.159417e-02↪
ω²_Imax ω²_IC50 ω²_gamma σ_slope_RespPK σ_inter_RespPD

μ_V 0.00000000 0.00000000 0.0000000000 0.000000e+00 0.000000000
μ_Cl 0.00000000 0.00000000 0.0000000000 0.000000e+00 0.000000000
μ_kout 0.00000000 0.00000000 0.0000000000 0.000000e+00 0.000000000
μ_Imax 0.00000000 0.00000000 0.0000000000 0.000000e+00 0.000000000
μ_IC50 0.00000000 0.00000000 0.0000000000 0.000000e+00 0.000000000
μ_gamma 0.00000000 0.00000000 0.0000000000 0.000000e+00 0.000000000
ω²_V 0.35962926 1.14226753 0.0119071393 2.154440e+02 0.016465616
ω²_Cl 0.02662137 0.28893220 0.0001551839 2.626014e+01 0.005516857
ω²_kout 0.27612949 0.05581461 0.0141175668 7.505416e-03 0.041594169
ω²_Imax 129.99710162 14.59817254 1.7306834484 1.474160e+00 1.964070533
ω²_IC50 14.59817254 137.15736498 0.0800695183 1.144645e+01 2.550765126
ω²_gamma 1.73068345 0.08006952 0.8875950952 8.590151e-02 0.104646111
σ_slope_RespPK 1.47416000 11.44645305 0.0859015137 2.796442e+03 0.230205164
σ_inter_RespPD 1.96407053 2.55076513 0.1046461108 2.302052e-01 0.428440823

***************************************
Fixed effects

***************************************

μ_V μ_Cl μ_kout μ_Imax μ_IC50 μ_gamma
μ_V 441.94766215 -5.733100e+01 -0.01236585 -6.688188 1.17545168 -0.403675305
μ_Cl -57.33099676 1.757901e+03 -0.04910061 -4.563042 1.58876877 0.005979464
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μ_kout -0.01236585 -4.910061e-02 0.87055103 0.767240 -0.03072718 -0.047741108
μ_Imax -6.68818843 -4.563042e+00 0.76723997 149.841076 -3.27482827 4.643952232
μ_IC50 1.17545168 1.588769e+00 -0.03072718 -3.274828 1.05291300 -0.026930370
μ_gamma -0.40367531 5.979464e-03 -0.04774111 4.643952 -0.02693037 0.945572176

***************************************
Variance components

***************************************

ω²_V ω²_Cl ω²_kout ω²_Imax ω²_IC50 ω²_gamma σ_slope_RespPK σ_inter_RespPD
ω²_V 9.761645e+02 2.352061e+00 6.426557e-05 0.35962926 1.14226753 0.0119071393 2.154440e+02 0.016465616
ω²_Cl 2.352061e+00 3.165700e+02 1.333508e-04 0.02662137 0.28893220 0.0001551839 2.626014e+01 0.005516857
ω²_kout 6.426557e-05 1.333508e-04 1.795348e+01 0.27612949 0.05581461 0.0141175668 7.505416e-03 0.041594169
ω²_Imax 3.596293e-01 2.662137e-02 2.761295e-01 129.99710162 14.59817254 1.7306834484 1.474160e+00 1.964070533
ω²_IC50 1.142268e+00 2.889322e-01 5.581461e-02 14.59817254 137.15736498 0.0800695183 1.144645e+01 2.550765126
ω²_gamma 1.190714e-02 1.551839e-04 1.411757e-02 1.73068345 0.08006952 0.8875950952 8.590151e-02 0.104646111
σ_slope_RespPK 2.154440e+02 2.626014e+01 7.505416e-03 1.47416000 11.44645305 0.0859015137 2.796442e+03 0.230205164
σ_inter_RespPD 1.646562e-02 5.516857e-03 4.159417e-02 1.96407053 2.55076513 0.1046461108 2.302052e-01 0.428440823

*********************************************
Determinant, condition numbers and D-criterion

***********************************************

Determinant: 6.31315138109825e+21
D-criterion: 36.0711877593656
Condition number of the fixed effects: 2376.71661961602
Condition number of the random effects: 8155.99219628966

***************************************
Parameters estimation

***************************************

parametersValues SE RSE
μ_V 0.740000 0.04775536 6.453427
μ_Cl 0.280000 0.02392115 8.543267
μ_kout 6.140000 1.07821075 17.560436
μ_Imax 0.760000 0.09256982 12.180240
μ_IC50 9.220000 1.01515063 11.010311
μ_gamma 2.770000 1.12502992 40.614799
ω²_V 0.099856 0.03228218 32.328733
ω²_Cl 0.207936 0.05622566 27.039889
ω²_kout 0.896809 0.23603646 26.319591
ω²_Imax 0.192721 0.09164467 47.553026
ω²_IC50 0.204304 0.09073074 44.409674
ω²_gamma 3.101121 1.08695256 35.050311
σ_slope_RespPK 0.210000 0.01908354 9.087401
σ_inter_RespPD 9.600000 1.68756908 17.578845

The HTML report can be generated in the same way as for the evaluation:

> outputPath = "...." # define the output path here
> outputFile = "optimizationMultPopFIM.html"
> plotOptions = list(
+ unitTime = c("hour"),
+ unitOutcomes = c("mcg/mL","DI%") )
> Report( optimizationMultPopFIM, outputPath, outputFile, plotOptions )

The code snippet illustrates the plotting of optimal weights:

> optimizationMultPopFIMPlot = plot(optimizationMultPopFIM, plotOptions = plotOptions,
+ which = c("weights"), thresholdWeights = 0.01 )
> print( optimizationMultPopFIMPlot$weights )

where thresholdWeights is a numeric for thresholding the weights. The corresponding graph is
displayed in Figure 14.

53



Arm814

Arm834

Arm664

Arm817

Arm837

Arm667

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

 Weights

A
rm

s 

Figure 10: Weights of the arms of the optimal design determined with the multiplicative algorithm.

The graph in Figure 14, the show output, along with the report are in the supplement folder vi-
gnette_1/Optimization_multiplicative in the archive vignette_1.7z available at https://doi.org/10
.5281/zenodo.18543693.

10.3 Design optimization in discrete space with the Fedorov-Wynn algorithm
The Fedorov-Wynn algorithm is selected with:

> optimizer = "FedorovWynnAlgorithm"

The attributes modelEquations, modelParameters, modelError, outputs, designs, and fimType have
been explicitly defined. The final steps involve defining the attributes name, outputs and odeSolver-
Parameters:

# Set the parameters for the optimization with the Fedorov-Wynn algorithm
> optimizationFWPopFIM = Optimization(
+ name = "PKPD_ODE_multi_doses_populationFIM",
+ modelEquations = modelEquations,
+ modelParameters = modelParameters,
+ modelError = modelError,
+ optimizer = "FedorovWynnAlgorithm",
+ optimizerParameters = list(
+ elementaryProtocols = initialElementaryProtocols,
+ proportionsOfSubjects = proportionsOfSubjects,
+ showProcess = TRUE ),
+ designs = list( designConstraint ),
+ fimType = "population",
+ outputs = list( "RespPK" = "Cc","RespPD" = "E" ),
odeSolverParameters = list( atol = 1e-8, rtol = 1e-8 ) )

# run the design optimization
> optimizationFWPopFIM = run( optimizationFWPopFIM )
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# show the result
> show( optimizationFWPopFIM )

# plot the optimal frequencies with a threshold \code{frequencyThreshold} = 0.001
> optimizationFWPopFIMPlot = plot( optimizationFWPopFIM, plotOptions = plotOptions,
+ which = c( "frequencies" ), thresholdFrequencies = 0.001 )
> print( optimizationFWPopFIMPlot )

The show output, along with the report are included in the supplementary material. The files
are located in the supplement folder vignette_1/Optimization_fedorovwynn within the archive vi-
gnette_1.7z, available at https://doi.org/10.5281/zenodo.18543693.

11 Design optimization in continuous space with simplex and
PGBO algorithms

The elements of the arguments optimizerParameters of the Nelder–Mead simplex, PSO and PGBO
are detailed in the Table 5. The PSO algorithm and Nelder-Mead simplex method are well-established
optimization techniques. The parameters of convergence, as described hereafter, have been found
to work effectively. However, they can certainly be adjusted based on the specific requirements of
the study. In the PSO algorithm, the arguments personalLearningCoefficient and globalLearning-
Coefficient are parameters that control the balance between exploration and exploitation. These
coefficients influence how particles adjust their velocities and positions based on their personal best
local positions and the global best positions found by the whole swarm. Setting both the acceleration
coefficients to 2.05 is a common choice that has been empirically found to work well in many opti-
mization problems. For the simplex algorithm, setting the initial simplex pctInitialSimplexBuilding
to 20% of the search space is a common heuristic. This choice aims to strike a balance between ex-
ploration and exploitation by providing a moderately sized initial simplex that covers a reasonable
portion of the search space without being too large. This allows the algorithm to explore the space
quickly while ensuring that it is not overly biased towards any particular region.

Table 6: Parameters for the Nelder–Mead simplex, PSO and PGBO algorithms.

Algorithm optimizerParameters Parameter
NM pctInitialSimplexBuilding Percentage of initial simplex

maxIteration Maximum number of iterations 𝑛𝑖𝑡𝑒𝑟
tolerance Tolerance parameter 𝜖

PSO maxIteration Maximum number of iterations 𝑛𝑖𝑡𝑒𝑟
populationSize Population size 𝑁𝑝𝑜𝑝
personalLearningCoefficient Cognitive acceleration coefficient 𝑐1
globalLearningCoefficient Social acceleration coefficient 𝑐2
seed Seed

PGBO N Population size 𝑁𝑝𝑜𝑝
muteEffect Mutation effect 𝑀eff
maxIteration Maximum number of iterations 𝑛𝑖𝑡𝑒𝑟
purgeIteration Iteration step for the purge
seed Seed

11.1 Design optimization with the Nelder–Mead simplex algorithm

# Set the parameters for the optimization with the Simplex algorithm
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> optimizationSimplex= Optimization( name = "",
+ modelFromLibrary = modelFromLibrary ,
+ modelParameters = modelParameters,
+ modelError = modelError,
+ optimizer = "SimplexAlgorithm",
+ optimizerParameters = list( pctInitialSimplexBuilding = 20,
+ maxIteration = 1000,
+ tolerance = 1e-6,
+ showProcess = TRUE ),
+ designs = list( design2 ),
+ fimType = "population",
+ outputs = list( "RespPK") )

# run the design optimization
> optimizationSimplex = run( optimizationSimplex )

# show the result of the design optimization
> show( optimizationSimplex )

The show output, along with the reports for the optimization of design2 (see Section 4 of the main
text) are available in the archive vignette_2.7z in the folder vignette_2/Optimization_simplex/,
accessible at https://doi.org/10.5281/zenodo.18543693.

11.2 Run a design optimization with the PGBO algorithm

# Set the parameters for the optimization with the PGBO algorithm
> optimizationPGBO = Optimization( name = "",
+ modelFromLibrary = modelFromLibrary ,
+ modelParameters = modelParameters,
+ modelError = modelError,
+ optimizer = "PGBOAlgorithm",
+ optimizerParameters = list(
+ N = 30,
+ muteEffect = 0.65,
+ maxIteration = 1000,
+ purgeIteration = 200,
+ seed = 42,
+ showProcess = TRUE ),
+ designs = list( design2 ),
+ fimType = "population",
+ outputs = list( "RespPK" ) )

# run the design optimization
> optimizationPGBO = run( optimizationPGBO )

# show the result of the design optimization
> show( optimizationPGBO )

The show output and optimization reports for design2 (see Section 4) are provided in the supplemen-
tary material. The files are located in the folder vignette_2/Optimization_PGBO within the archive
vignette_2.7z, accessible at https://doi.org/10.5281/zenodo.18543693.
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